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Logical inferentialism is the view that the meaning of logical constants is implicitly
defined by the operational rules that govern their behaviour in proofs —particularly
in sequent calculus proofs, according to an increasingly dominant tendency. A tenable
articulation of this view presupposes a clarification of certain crucial aspects, such as
the criteria for rule harmony and what constitutes a normal proof. Sequent calculus
inferentialists typically frame these aspects in terms of proofs from axioms, rather
than derivations from assumptions. Logical metainferentialism calls into question this
dogma, building on the idea, advocated in “The original sin of proof-theoretic
semantics” (Dicher & Paoli 2021), that meaning determination is relative to sequent-to-
sequent derivability relations of Gentzen systems. We advance a suggestion towards a
metainferentially appropriate reformulation of harmony, and explore its potential by
focussing on a case study, the calculi for FDE and its extensions.

1. Introduction

Proof-theoretic semantics is a branch of logical inferentialism that takes the
meaning of the logical constants to be determined by the rules that govern
their behaviour in proofs. In its orthodox form, it recognises two aspects of
the meaning of a logical constant c that must be accounted for via its rules: the
conditions for asserting a formula dominated by c (how that formula behaves
as a conclusion), and the consequences warranted by the assertion of a formula
dominated by c (how that formula behaves as a premiss). A central tenet of
proof-theoretic semantics is that these two aspects of the meaning of a logical
expression must somehow match.
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The preferred background for developing proof-theoretic semantics is that of
Gentzen-type proof systems, as these codify explicitly the inferential behaviour
of the logical constants. The same proof systems provide an (implicit) account of
consequence relations, i.e., of the relation between the premisses and conclusions
of an argument when the latter validly follow from the former. This relation
obtains if and only if there is a derivation of the conclusions from the premisses,
consisting of applications of the rules that regiment the behaviour of the logical
constants, possibly alongside applications of rules codifying the properties of
derivability itself.

This paper is a heterodox contribution to the orthodox inferentialist pro-
gramme. In orthodox fashion, we identify a precise measure for the aforemen-
tioned match between the rules which confer meaning to the logical constants.
However, we pursue this task under the heterodox hypothesis, defended in Dicher
and Paoli (2021), that meaning determination via rules is relative to a logic, where
logics themselves are understood as consequence relations between sequents rather
than formulae. In §2 we briefly review the canonical account of harmony. In §3
we introduce the case study against which we develop our theory of harmony —a
family of sequent calculi dubbed here “(PK™),” which formalise the best known
logics in the FDE-family —together with a barebone account of metainferential
harmony." (An abridged explanation of consequence relations as relating sequents
is provided in the Appendix.) To buttress the (meta)inferentialist credentials
of this case study, we provide a broadly inferentialist, somewhat bilateralist,
interpretation of these calculi in §4. In §5 we benchmark the account against some
of the standard disharmonious connectives discussed in the literature.

2. Harmony and Normal Proofs

There’s a lesson that inferentialists have learnt the hard way from Prior (1960): if
rules determine meanings, then there must be success criteria that definitional
rules should satisfy if they are to determine a coherent meaning. The problem of
identifying the appropriate criteria for definitional success via rules is known as
the problem of harmony and developing a theory of harmony is one of the major
ongoing challenges for logical inferentialists (Schroeder-Heister 2016a). While
there are many competing theories of harmony, they have all been developed
for inferential, rather than metainferential, conceptions of logic. (See §3.1 for a
characterisation of the latter.) In what follows, we will briefly survey the major

1. “FDE” being the “first-degree entailment” fragment of the relevant logics R or E introduced
in Anderson and Belnap (1975) and discussed in a spirit more congenial to the present one in

Belnap (1977).
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competitors, following the historical development of the debate on harmony,
where the original primacy of natural deduction has been gradually eroded in
favour of the sequent calculus.

2.1. Harmony in Natural Deduction

Dummett coined and used the term “harmony’ in a restrictive sense, to denote
a kind of match between the natural deduction introduction and elimination
rules for a logical constant that marks it as endowed with a coherent meaning
(Dummett 1991). Following Gentzen (1969), he conceives of harmony as a relation
between the introduction rules, taken to be self-justified or definitional, and the
elimination rules, viewed as needing justification. Harmony obtains when the
latter are not stronger than the introductions. The converse direction, ensuring that
the eliminations are not weaker than the introductions, is discussed by Dummett
under the separate category of stability (see §2.1.2).

Here we use the term in a (not that uncommon) broader sense, denoting the
overall balance between introductions and eliminations for a constant ¢ that is
required for their success as implicit definitions of c. Thus, we neither prioritise
introductions over eliminations (or conversely) nor do we assign a direction to
the relation.”

2.1.1. Harmony as Conservativeness

Dummett’s account of harmony draws heavily on Belnap’s earlier solution to
Prior’s tonk (Belnap 1964; Prior 1960). Governed by the rules:

A

A tonk B tonk

A tonk B

B tonkE

tonk is introduced as a disjunction and eliminated as a conjunction. It is readily
seen that tonk trivialises set-based, single-conclusion, reflexive, monotonic and
transitive consequence relations on formulae (called Tarskian and formally defined
in the Appendix, Definition 6):

tonkl

A
A tonk B tonkE

B

2. For more on the meanings of ‘harmony,” see Schroeder-Heister (2018: §2.2.1.).
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Since A and B are arbitrary (thus possibly logically complex), this is a non-
conservativeness result over the logical vocabulary in which A and B are
formulated: tonk generates inferential relations between formulae dominated
by connectives other than tonk that cannot in general be established by their intro-
ductions and eliminations alone. By the same token, tonk also non-conservatively
extends the structural properties of the colon, the symbol we choose to separate the
antecedent from the succedent in a sequent. If, e.g., A and B are atoms, then a novel
structural property —that any two atomic formulae stand in the *:’ relation—can
be established using its rules.

Belnap took the failure of conservativeness to amount to a definitional failure
in the context of Tarskian consequence relations. Specifically, he noted that:

we can distinguish between the admissibility of the definition of [A] and
the inadmissiblity of [fonk] on the grounds of consistency —i.e., consistency
with antecedent assumptions. (Belnap 1964: 131)

‘Admissibility” is used here in an informal sense and probably the same is true of
‘consistency,” although tonk leads to triviality and ceteris paribus to inconsistency
too. In any case, tonk is clearly incompatible, if not outright inconsistent, with the
“antecedent assumptions” regarding deducibility.

Dummett’s use of conservativeness is somewhat different; it wards against
creative, not just catastrophic, putative definitions:

when an expression, including a logical constant, is introduced into the
language, the rules for its use should determine its meaning, but its
introduction should not be allowed to affect the meaning of sentences
already in the language. If, by its means, it becomes possible for the first
time to derive certain such sentences from other such sentences, then either
their meanings have changed or those meanings were not, after all, fully
determined by the use made of them. (Dummett 1991: 218)

This is exactly what tonk does, i.e., it steers us in the unacceptable direction of

admitting that the meaning of the other constants is not determined fully by
their rules.

2.1.2. Uniqueness
A second component of Belnap’s solution to tonk, uniqueness, mostly falls under
the radar on the received view of Dummett’s theory of harmony. Uniqueness

obtains when two sets of definitional rules that differ only with respect to the
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symbol used for the constant they introduce or eliminate, say c and c¢’, are such
that A ¢ Band A ¢” B are interderivable. It can be taken as a mark of the stability of
the rules, guaranteeing that the eliminations are not weaker than the introductions
(Dicher 2016b).

2.1.3. Harmony: Global and Local

Harmony can be viewed at two different levels: globally, as a feature of the
comprehensive system of all the meaning-conferring rules for the constants
in the language, or locally, as a relation between the introduction and the
elimination rules for a specific constant. Dummett (1991) distinguishes harmony as
conservativeness, which he calls “total” harmony and which is a global property,
from “intrinsic” harmony, which is a local property. In natural deduction,
sequences of rule applications where an introduction is followed immediately by
the application of the corresponding elimination, like, e.g.,

A B 4
ArB "
A AE
are unfocussed or redundant. The formulas that are both conclusions of the
introduction and major premisses of the elimination (A A B in the example above)
are detours in the proof. Their exhibited consequences are already available

A
and the detour can be eliminated.

Dummett equates intrinsic harmony with the existence of reductions for
these “local peaks.” The reductions (or detour conversions) are one ingredient
of normalisation theorems (Prawitz 1965), which require, in general, a further
type of conversion permuting the order of the application of the rules (permutation
conversions). Needless to say, tonk-generated local peaks are not eliminable,
rendering it intrinsically disharmonious as well as non-conservative, i.e., totally
disharmonious.

2.1.4. Harmony, Normalisation, Invertibility

The normalisability of a natural deduction calculus can be taken as an
alternative mark of global harmony. However, normalisability does not imply
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conservativeness. Natural deduction systems for classical logic can be nor-
malised, but negation is still non-conservative over implication. This depends
on details pertaining to the structure of the derivations, viz. whether they
are single- or multiple-conclusions, as well as to the exact formulation of
the rules for negation—as a primitive connective or defined in the usual
intuitionistic manner.’

In the wider meaning-theoretic picture the preeminence of normal form
derivations is justified on the basis of an inversion principle (Moriconi & Tesconi
2008; Prawitz 1965; Schroeder-Heister 2012a). Roughly, this is the requirement that
whatever follows from a formula (by eliminations) should follow from whatever
entails (canonically) that formula (by introductions).

The reductions at the heart of the proof of the normalization theorem serve
precisely to establish a kind of invertibility, whereby “a proof of the conclusion
of an elimination is already ‘contained” in the proofs of the premisses when
the major premiss is inferred by introduction” (Prawitz 1971: 246—247). Under
appropriate conditions, detour conversions provide opportunities to obtain proofs
that end in applications of the introductions. These, one will recall, are taken to
be self-justified.

2.1.5. Beyond Dummett

Dummett prioritises total over intrinsic harmony. Other accounts (Read 2000;
Steinberger 2011) have the opposite tilt. It can be argued that conservativeness
or normalisability involve parameters that go beyond the pair of introductions
and eliminations for a logical constant. Harmony, on the other hand, is a property
of rules and, so the argument goes, it should be witnessed as such. No formal
property identified with harmony should trespass the boundaries of the individual
introduction and elimination rules under scrutiny. Arguably, invertibility or
the existence of the reductions are suitable candidates in this sense (Francez &
Dyckhoff 2012). Other proposals focus on the form of the rules in specific
natural deduction systems and see harmony as the exercise of determining
the appropriate form of the eliminations given the form of the introductions
(Read 2000).*

We will see that, even setting aside extant doubts about the possibility of
a purely local treatment of harmony and quite independently of Dummettian
considerations, there is scope for a coherent notion of total harmony. For now,
however, we turn to the particulars of the harmony problem in sequent calculi.

3. For details see Read (2000); Steinberger (2013).
4. See (Dicher 2016b) for a review of a wider array of proposals in this “local” spirit.
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2.2. Harmony in the Sequent Calculus

Dummett’s discussion of harmony is placed within the context of his revisionist
attempt to replace the hegemony of classical logic with that of intuitionistic logic.
He argues that classical negation is disharmonious because it is non-conservative.
There are classically valid, negation-free formulae, such as Peirce’s law,
((A— B) - A) — A, that can only be proved using the rules for negation.

Defenders of classical logic have countered that the problems do not lie
with any of its intrinsic features —in particular, nothing is wrong with classical
negation—but with the natural deduction format which, while well-designed to
accommodate intuitionistic deductions, is a Procrustean bed for the classical ones.
Because Gentzen-style natural deduction is single-conclusion, the proofs of some
classical implicational laws cannot be obtained in its positive fragment (which is
the same as the intuitionistic one).

The problem does not arise in proof systems where multiple conclusions are
allowed. Although multiple-conclusion natural deduction systems have been
developed (Borici¢ 1985; Shoesmith & Smiley 1976), this feature is more widely
associated with sequent calculi. Indeed, several authors have viewed the sequent
calculus as a more appropriate environment to investigate harmony, because
it is less biased towards a specific logic than natural deduction (Hacking 1979;
Schroeder-Heister 2012b; Wansing 2000). It is claimed that the sequent calculus
offers the best of both worlds, as it solves the aforementioned difficulties and
encodes natural deduction derivations within its own proofs, under a construal
of sequents as claims to the effect that the succedent can be derived in natural
deduction from the open assumptions in the antecedent.’

Upon switching to the sequent calculus, then, nothing is lost in terms of the pre-
existing accomplishments about harmony. The balance between the introduction
and the elimination rules for a constant is recast as a balance between its right
and left introductions. True, there are thorny questions posed by the presence
of structural rules and their role in meaning determination (Dicher 2016a), but
these need not detain us right now. It is more important to observe that Identity
and Cut are non-negotiable rules from this perspective. Their correctness stems
from the interpretation of sequents as abridged natural deduction derivations. By
definition, every single-node tree consisting of the open assumption A is a natural
deduction derivation of A from A itself. Moreover, natural deduction derivations
can be chained by grafting a derivation of a formula A onto any derivation where
A is an open assumption.

In this new context, the problem of harmony can again be addressed both
locally and globally. Locally, this involves determining when the left and right

5. See, e.g., (Hacking 1979; Negri & von Plato 2001; Tennant 1982).
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introduction rules for a given constant c are harmonious. Globally, it involves
assessing which sequent calculi are, on the whole, harmonious.

Locally, the reducibility of maximal peaks corresponds to the eliminability
of applications of Cut where both occurrences of the Cutformula are principal
in the applications of the rules that yield the premisses of Cut—a property
sometimes referred to as Cut-inductivity (Humberstone 2020). For example, the
Cut-containing proof

X:A XB AY:C
X:AAB AABY:C
XY:C

reduces to

X:A AY:C
XY:C

Itis then natural to view calculi that admit Cut elimination as globally harmonious,
and to take Cut-free proofs as the sequent calculus incarnations of normal proofs.
In Cut elimination algorithms, the complexity-lowering reductions exempli-
fied above (roughly) correspond to detour conversions, while rank-lowering
reductions (roughly) correspond to permutation conversions.

The eliminability of Cut is a stronger guarantee of global harmony than
normalisability, because it is more intimately connected with conservativeness
(Dummett’s mark of “total” harmony). While applications of the operational rules
invariably result in formulae being inserted into the conclusion, Cut is usually the
only sequent rule that can eliminate a piece of logical vocabulary already present
in a proof. Therefore, it is the only rule that can generate proofs of formulae none
of which contains some constant c whose rules have been applied in the proof. If
Cut is eliminable from a sequent’s proof, then there is a proof of the same sequent
that avoids using such “unwitnessed” rules. Thus conservativeness is guaranteed.

3. Logical Metainferentialism

3.1. Meaning Determination and Logics

The shift towards the sequent calculus as the main tool of the working inferentialist
is salutary. Yet it brings with it some peculiar problems (Dicher & Paoli 2021).

Sequent calculus inferentialists are committed to some version of the claim that the
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meaning of the logical constants is determined by their operational rules. Rules
belong to logical calculi, which in themselves are just devices for the syntactic
manipulation of formal symbols. Yet calculi are generally viewed as syntactic
presentations of logics. What entitles us to say that a sequent calculus C is a
calculus for an antecedently defined logic L? Is there a unique consequence relation
that can be extracted from, or associated to, C?

This question turns out to be much less straightforward than one may gather
from the literature. The problem is either overlooked or mistakenly thought to
have an obvious answer, namely, the internal relation of C (Avron 1991), i.e., the
relation that obtains between a set of formulas X and a formula A iff C proves
the sequent X : A.° This identification is prompted by the view that sequents
are “claims of consequence,” stating that the succedent can be derived in natural
deduction from the open assumptions in the antecedent. It is further supported
by the attendant construal of structural rules as proxies for properties of such a
consequence relation—for example, Weakening is a proxy for Monotonicity, and
Cut acts as a proxy for Transitivity.

Upon careful reflection, this can be seen to be a hasty generalisation from the
intuitionistic and classical calculi. These are pretty much the only calculi where
this identification will work. Virtually everywhere else, the internal relation of
a calculus is not a consequence relation at all; at least, it is not a Tarskian one.
A detailed account of the reasons why this is so can be found in (Dicher & Paoli
2021). In a nutshell, though:

1. Many calculi use sequents whose antecedents are multisets or lists of
formulae, not sets. Depending on the available structural rules, an
equivalent set-theoretical formulation may not be possible. A Tarskian
consequence relation is a relation between a set of formulae and a formula.

2. Tarskian consequence relations are reflexive, monotonic, and transitive.
The internal relation of a calculus has these properties only if the required
structural rules are present.

3. Sequents need not have the same form as claims of consequence. This
is already evident in multiple-conclusion calculi, but the problem is
most conspicuous for calculi using more complex syntactic units, like
hypersequent or labelled deduction calculi.

Aside from these concerns, associating internal relations with consequence
relations relevant for meaning determination is also problematic due to Quine’s
well-known critique regarding meaning variance in deviant logics (Quine 1970).
To counter Quine’s objections, it is natural for inferentialists to claim that logical

6. See, e.g., Font (2016: §5.6), but this view is really pervasive.
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constants do not change their meanings across the internal relations of calculi
that share the same operational rules (Paoli 2014; Restall 2014). Nonetheless,
even under these ideal circumstances, the sequent symbol can be taken to mean
different things for each of these calculi—a problem sometimes labelled as
A-variance (Hjortland 2013). If the Belnapian antecedent context of deducibility,
a prerequisite of meaning determination, does not stay the same, then meaning
variance threatens again.

Yet every sequent calculus uniquely determines a derivability relation among
sequents.” This relation is reflexive, monotonic, and transitive, and holds between a
set of sequents and a sequent. Since meaning-conferring rules regulate transitions
among sequents, it is rational to pick this relation as the crucial one in respects
relevant to meaning determination. Should one complain that what we get is not
a tried and true consequence relation on formulae, note that there is a well-worked
theory of equivalence of consequence relations on different syntactic units (e.g.,
formulae, sequents, equations), due to Blok and Jonsson (2006) that can provide the
missing link. (See §6 for a précis.) Although, in a primary sense, the consequence
relation that is fundamental for meaning determination is a relation on sequents,
in a derivative sense any consequence relation on formulae that is Blok-Jénsson
equivalent to it can perform the same function. It may well be impossible to
unequivocally associate a pre-existing traditional Tarskian relation L to a given
sequent calculus C, but Blok-Jénsson equivalence gives us the means to decide
whether C can be regarded as a calculus for L.

Because on the received view sequents codify inferences, and the aforemen-
tioned derivability relation holds between sequents, one can call it—in full accord
with the established practice —metainferential.

In the remainder of this paper we will develop a version of logical metainferen-
tialism: an account of harmony that benchmarks rules against sequent-to-sequent
derivability. Observe that a reconsideration of the central notions of inferentialism
along the lines sketched above is not isolated. On the one hand, it is in keeping with
some recent trends in proof-theoretic semantics, like Schroeder-Heister’s (2012a)
critique of the “priority of the categorical over the hypothetical.” On the other
hand, a strong emphasis on the role of metainferences characterises the so-called
“Buenos Aires plan” for the construction of semantically closed but nontrivial
theories, in primis, of truth, where no classical deductive pattern is abandoned or
restricted (Barrio et al. 2021; Pailos & Da Ré 2023). The analogies between such
research programmes and ours are partly verbal and partly substantive. Gauging
the extent to which they dovetail remains a task for the future.®

7. See (Dicher & Paoli 2021); this relation is called a Gentzen relation in Raftery (2006).
8. See, however, Dicher and Paoli (2023) for an initial comparison of our metainferentialist
outlook and that of Eduardo Barrio and his collaborators.
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3.2. An Environment for Metainferential Harmony

How should we re-examine the requirements of local and global harmony once
sequent-to-sequent derivability (or, less coyly put, consequence) is the primary
milieu for studying meaning-conferring inference rules? Several consequences of
this move are immediate.

First, if meaning determination is relative to the sequent-to-sequent derivabil-
ity relation of a calculus, then harmony and the notion of a normal proof must be
revisited with a focus on derivations from assumptions, not on proofs from axioms.

Second, harmony criteria (whether local or global) based on Cut elimination
alone are a non-starter. Even in the usual classical or intuitionistic calculi, Cut
is eliminable from proofs, but not from derivations. In spite of this, since proofs
are a special case of derivations, it is desirable to devise criteria that specialise
to the customary Cut elimination-based criteria when we restrict our attention
to them.

Third, the structural rules of Identity and Cut lose their non-negotiable status.
Since a derivation tree’s leaves can be labelled by assumptions, in addition to
axioms, axiom-less (hence theorem-less) sequent calculi become worthy of notice
in so far as they may have nontrivial derivability relations. Also, a defence of Cut as
a principle that allows chaining together abridged natural deduction derivations
as encoded by sequents (Williamson 2018), becomes much less compelling.
Nothing prevents the chaining of sequent-to-sequent derivations even in the absence
of Cut.

When Identity or Cut are not available, the standard format of sequent calculi
is sub-optimal. An example will clarify the foregoing claim. In the calculi for either
classical or intuitionistic logic, the sequent A : B is derivable from A : B A C, as the
conclusion A : B follows by Cut from A : B A Cand B A C : B. In turn, this can be
obtained by the left conjunction rule (plus, possibly, some structural rules) from
B : B. Without Cut, the final inference is illegitimate, and without Identity, there’s
no way to get to B A C : B in the first place.

In other words, without Identity or Cut we need alternative ways to decom-
pose formulae in order to use their subformulae. Elimination rules can achieve this.
Thus, the combined provisions of promoting derivations to first-class citizens
and giving up the previously inviolable principles of Identity and Cut lead us to
adopt hybrid systems that blend features of sequent calculi and natural deduction.
These systems contain, alongside the usual left and right introduction rules, less
usual left and right elimination rules.

Our subsequent exemplification is based on a family of propositional sequent
calculi dubbed (PK™)—with the parentheses an integral part of the name. Their
language £ contains the connectives —, A, v. A (PK™) sequent X : Y is an ordered
pair of finite multisets of L-formulae. Figure 1 presents the operational rules of
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ro ABXY
M AAB XY

L X:Y, A X:Y,B Li

AT X Y, ANB AH
ro XiVAB
YR XY AvB

L AXY  BX:Y

VEETTTAVB X Y v

AX:Y

Re=EY 4

LXavA
A x Yy

Figure 1: Operational rules of PK~.

(PK™); the double line is used to compress notationally both introduction rules
(top to bottom) and elimination rules (bottom to top), the left label marks the
eliminations, the right one the introductions. Figure 2 presents the structural rules
that hold for the entire family, i.e., Weakening and Contraction. Finally, Figure 3
presents the structural rules that make the difference between the calculi in it,
namely Cut and Identity (or Id for short).

We use PK™ without parentheses to label the minimal calculus in the family
(PK™). It lacks both Cut and Id. Additionally:

e PK=, PK™u{ld,Cut};
«  PK, =, PK u{ld};
e PK, =, PK™ U {Cut}.

(PK™) contains both the usual right and left introductions and their inverses, serving
as eliminations.

Definition 1 (Inverse rule). Let Seq(C) be the set of sequents of a Gentzen-style calculus
C and let p € C be a rule that applied to {S,, ..., S,} < Seq(C) yields S € Seq(C). The
rule p is inverted by the rules p; (i = 1,...,n) iff p; yields S, when applied to S, for
ie{l,...,n}
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Eraa
Baval

Figure 2: Weakening and Contraction.

A4 d

X:Y, A AW:Z
X,W:Y,Z

Cut

Figure 3:Id and Cut.

267

In PK, the inverses are derivable. In the substructural calculi in the family,

this is no longer the case, although they remain admissible (see below).
The following Example gives a flavour of the way these calculi work:

Example 1.
(1): =(AAB) Fp—: mAv —B

: —=(A AB)
AANB: L
A, B:
A:—B
: =B, —A

:—=Av —B

—Re
—Ri

—Ri
vRi

(2):AvB:—Atp B

:—A —-A:B
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(3) ihp: Av—A

A-A

A A
tAv—A
(4): A, At B

The next proposition characterises the relation between (PK™) and the well-known
logics in the FDE-family. The results have been proved as follows: (i) is proved
in Pfenosil (2017); for (ii) see, additionally, Barrio et al. (2015); Dicher and Paoli
(2019); Pynko (2010); a proof of (iii) is given in French (2016); Pfenosil (2017),
while for (iv), see Dicher and Paoli (2019; 2021); Pfenosil (2017); Pynko (2010). See
also §6, as well as French (2022) for another statement of all these results in bullet
list form.

Proposition 1.

(1) b pi= is (Blok-Jénsson similar to) FDE.

(ii) Fpy is (Blok-Jénsson similar to) LP.

(iii) t=py_ 15 (Blok-Jonsson similar to) K3.

(1v) Fpx is (Blok-Jonsson similar to) classical logic CL.

The subsequent treatment of harmony is indebted to Adam Pfenosil’s 2017, to
whom many of the following definitions and results, pertaining to sequent calculi
in general and (PK™) in particular, must be credited.

Definition 2. Let C be a sequent calculus and let Seq(C) be the set of its sequents.

. A theorem of C is any member of Seq(C) that can be proved in C.
2. Anantitheorem of C is any subset of Seq(C) from which the empty sequent can
be derived in C.
3. Avruleis admissible in C iff its addition to C does not yield new theorems.
4. Avruleis antiadmissible in C iff its addition to C does not yield new antitheorems.

Although one cannot help noticing the dualities intrinsic in Definition 2,
there is also a certain asymmetry between the concepts of a theorem and
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of an antitheorem: whereas a theorem is a sequent, an antitheorem is a set
of sequents. This is to be expected given that sequent-to-sequent derivability
relations are, by design, single-conclusioned —hence properties of sequents based
on their respective roles as premisses or conclusions must, to some extent,
be lopsided.

We collect in the next proposition a number of useful results about (PK™),
some of which belong to the folklore—in particular, item (4) can be viewed as
a formulation of the Inversion Theorem: see e.g. Buss (1998) —while the rest are
proved in Pfenosil (2017).

Proposition 2.

PK,, and PK have the same theorems. PK™ and PK_,, have no theorems.

PK_,, and PK have the same antitheorems. PK™ and PK,, have no antitheorems.
In PK, the introductions and eliminations for each connective are interderivable.
In PK,, without the eliminations, the eliminations are admissible.

In PK_,, without the introductions, the introductions are antiadmissible.

In PK,, without the eliminations, Cut is admissible.

In PK_,, without the introductions, Id is antiadmissible.

RO

3.3. The Dimensions of Harmony

A satisfactory metainferential account of harmony should encompass both the
local and the global dimension. In addition, it should identify appropriate formal
requirements that witness each of these dimensions. From a more philosophical
perspective, it should characterise the inferential roles of the logical constants
that are now typically defined via four (not just two) rules.’ In this subsection we
will investigate the formal component of local and global harmony. We defer the
account of the inferential roles in (PK™) to §4.

In standardly interpreted sequent calculi, local harmony amounts to the
balance between right- and left-introductions:

Li «— Ri
In (PK™), there are more relations relevant for harmony. The familiar, hori-

zontal dimension of harmony now coexists with a vertical dimension. Each
(left or right) introduction must be harmonious with the corresponding

9. See Schroeder-Heister (2006) for a general outline of the problem, albeit in a strictly
assertionist setting.
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(left or right) elimination. Moreover, right- and left-eliminations too should
be balanced:

Li —> Ri
! harmony

Le «—> Re

3.3.1. Local Harmony: the Vertical Dimension

In natural deduction, showing that introductions and eliminations are balanced
requires a bypass through reducibility. Nevertheless, the most direct way of
obtaining it is by building it into the rules themselves, that is, by ensuring that the
rules are invertible. This idea can be straightforwardly extended and applied to
each pair consisting of a (left or right) introduction and a (left or right) elimination.
In bilaterally interpreted calculi like (PK™) (cf. infra, §4) we then obtain an aspect
of harmony that concerns the relation between introductions and eliminations of
the same polarity.

Because the (PK™) rules are invertible, neither the introductions nor the
eliminations outstrip the meaning imparted by the other upon the logical constant
they govern. The rules are vertically harmonious.

Invertibility entails the reducibility of complexity maxima on both the left and
the right. For instance, a (schematically represented) left disjunctive local peak

AX:Y B, X:Y
AvBX:Y
AX:Y

vLi

vLe

can be eliminated by reducing the derivation to

AX:Y
By the same token, the rules are stable: by invertibility, the eliminations are not
weaker than the introductions.™

10. To some extent, this approach to vertical harmony resonates with Gratzl and Orlandelli’s
double line harmony (2019), in turn indebted to earlier ideas by Popper (1947), Dosen (1989), and
Restall (2019). Although a more detailed comparison must await another occasion, one should point
out that there is nothing in the present account that requires the eliminations to be the inverses of the
introductions. We picked the inverses for that role because they are the simplest rules that do the
job in (PK<).
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3.3.2. Local Harmony: the Horizontal Dimension

Recall from §2.2 that a widely accepted criterion for local harmony between the
left and the right rules for a logical constant ¢ in an introduction-only sequent
calculus is the eliminability of all applications of Cut where the Cutformula is
dominated by c and is principal in the applications of the rules that yield both
premisses of the Cut. In such reductions, the left and right introduction rules
for ¢ work in tandem to enable the replacement of an application of Cut on a
c-dominated Cutformula with Cuts on its immediate subformulae. If no other
constant than c is present and we iterate this procedure, we end up with atomic
Cuts, operating on propositional variables.

Dually, the left and the right elimination rules for ¢, if harmonious, will afford
the replacement of instances of Id whose principal formula is dominated by c with
instances containing its immediate subformulae. Again, if no other constant than
c is present and we iterate the procedure, we eventually get to atomic instances
of Id.

For reasons that will be better detailed in the following section, we count
left/right rules of the same, respectively, introductive or eliminative character as
horizontally harmonious iff they allow atomic reductions of the applications of the
structural rules. These are transformations of derivations that involve applications
of structural rules with principal formulae of arbitrary complexity, converting
them into derivations that contain only atomic applications of the structural rules.
For instance, the derivations on the right below illustrate atomic reductions for
Weakening in relation to disjunction and, respectively, Contraction in relation
to negation:

X:Y X:Y
p,X:Y 7,X:Y
pvgX:Y

X:Y ~
pvgX:Y

X:Y,—p,—p
p,X:Y,-p
ppr,X:Y
pX:Y
X:Y,—p

X:Y,—-p,—p
X:Y,—p

3.3.3. Global Harmony

As a preliminary step towards tackling the more difficult problem of global
harmony, as well as the attendant issue of normal form in sequent calculi, we
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observe that both the reducibility of local peaks and the atomic reducibility of
the applications of structural rules are separation properties in the top-down flow
of derivations. The former is a separation property between introductions and
eliminations, while the latter is a separation property between operational and
structural rules.

In a sequent calculus with eliminations, a derivation usually proceeds by first
decomposing the formulae occurring in the assumptions via the eliminations;
then the sequents thus obtained, containing less complex formulas, are fed as
premisses into the introductions. If there is an irreducible local peak, either an
introduction has to be applied too early, before the eliminations have done their
work, or an elimination has to be applied foo late, when the introductions have
already taken centre stage. Similarly, an atomically irreducible application of a
structural rule signals an incapacity to separate the structural and the operational
segments of the derivation.

This suggests a normal form familiar from natural deduction." A normal
form derivation consists of three parts. The initial part contains eliminations
only. It is followed by a part consisting of atomic applications of structural
rules. In the final part there are only applications of introductions. The fol-
lowing definitions and results, due to Prenosil (2017), render this informal
description precise:

Definition 3.

. An atomic sequent is a sequent all whose component formulae are atoms.
2. A (PK™)-derivation D is structurally atomic if the premisses and the
conclusions of all occurrences of structural rules in D are atomic sequents.
3. A (PK7)-derivation D is analytic-synthetic iff in each branch of D, all instances
of elimination rules precede all instances of introduction rules.

If D is structurally atomic, then D is analytic-synthetic iff no elimination rule in
D immediately follows an introduction rule. Hence, structurally atomic analytic-
synthetic derivations have the shape described above. A calculus where every
derivation can be put in structurally atomic analytic-synthetic normal form (SAAS
normal form, for short) has the credentials to be regarded as globally harmonious.
This is the case for the (PK™) calculi:

Theorem 1 (SAAS normal form). Let C € (PK™). If X \ S, then S is C-derivable
from X by means of a structurally atomic analytic-synthetic derivation.

11. See Prawitz (1965) and also Francez (2015a).
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An explanation of the term “analytic-synthetic” is in order. One of the most
important consequences of Cut elimination in standard sequent calculi is the
subformula property. Proofs with the subformula property can be viewed, top-
down, as purely synthetic: every formula in them is a subformula of a formula
in the endsequent. This is not the case with a generic derivation in SAAS normal
form. This will contain a synthetic procedure as its final segment, without, in
general, being exhausted by it. There will be an analytic part of the derivation
where every formula is a subformula of some formula occurring in an assumption.
In more rigorous terms:

Definition 4. A (PK™)-derivation D of S from X has the general subformula property
iff each formula in D is a subformula of some formula either in X or in S.

Theorem 2. Let C € (PK™). If X . S, then S is C-derivable from X by means of a
structurally atomic analytic-synthetic derivation with the general subformula property.

Below, the derivation (a) contains both a local peak and a non-atomic application
of Cut. Both can be removed, and the derivation (c) is in SAAS normal form.
Observe that its introductive (=synthetic) segment is empty.

(a)

‘P

‘P9

‘Pvq

‘P4

‘P P-4
4

Weakening
vRi

vRe

—Li

(b)

‘P

‘P9

- P P-4
q

Weakening
vRi
Cut

(©)

p: :p Cut

——— Weakening

To summarise, we propose using the normal form described in Theorem 1 as
a criterion for global harmony. The SAAS normal form has two components:
structural atomicity and analytic-syntheticity. The former accounts for the
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horizontal dimension of (local) harmony. The latter relates to the interaction
between introductions and eliminations and is closely connected to the more
descriptive requirement for invertibility —it accounts for the vertical dimension
of (local) harmony. Global harmony is thus a composite of the local harmony
properties. However, it is more than their sum.

global harmony

local vertical harmony + local horizontal harmony

(analytic — syntheticity) (structural atomicity)

Before we proceed to discuss the inferential roles of the logical constants, we
pause for brief comment on structural atomicity.

Theorem 1, through its structural atomicity component, generalises the
Cut-elimination theorem. Given that the latter is instrumental in establish-
ing conservativeness, this generalisation can also be viewed as an extended
conservativeness result. This approach is akin to Hacking’s 1979 position,
which explicitly emphasised the need for the overall conservativeness of
the logical vocabulary over structural rules qua proxies for the properties of
logical consequence.™

Hacking’s particular justification of the demand of structural atomicity, based
on preserving the properties of consequence, is closed to us, because (PK")-
sequents are not considered claims of consequence. Nevertheless, structural
atomicity ensures that the structural proof resources of a proof system do
not interfere with the meaning-determining operational rules of its logical
vocabulary. Establishing a Cut-elimination result demonstrates a specific form of
non-interference by confirming the non-creativity of these operational rules.

On this account of harmony no structural rule has a privileged role. The failure
of atomic reducibility (more generally, of SAAS-normalisability) is just as bad
irrespective of whether it involves Cut or Weakening or Contraction. This means,
inter alia, that the spectrum of pathologies that (putative) logical constants may
exhibit increases. We will examine some examples in §5.

4. Inferential roles
4.1. Assertion, denial, and FDE

The second component of the harmony problem mentioned at the beginning
of §3.3 concerns the inferential roles of the logical constants. One way of

12. For criticism of Hacking's specific approach see Sundholm (1981).
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specifying these roles is to explain how the formal properties associated with
harmony, as discussed in the previous section, have genuine meaning-theoretic
significance. With an eye to setting a benchmark, we start again by revisiting the
orthodox account.

In a natural deduction framework, the introduction rules for ¢ exhibit the
conditions under which we can legitimately assert a formula containing ¢, while
the eliminations specify the consequences we can legitimately draw from an
assertion of the same formula. Historically, this picture is closely tied with
the early inferentialists” attempt to replace the metaphysically loaded notion
of consequence as truth preservation with a constructively more acceptable
concept of preservation of warranted assertability or, in mathematical contexts,
of provability.

At least two independent traditions have maintained that this assertion-
centred perspective is lopsided. In the pioneering work of Grzegorczyk (1964),
which branches into more recent contributions by Shramko and Wansing (2012;
2017), one can find a constructive account of logic where proofs and disproofs
are viewed as basic procedures on a par with each other. On the other hand,
the bilateralist tradition (Restall 2005; Ripley 2015; Rumfitt 2000; Smiley 1996),
although it overlaps only partially with the inferentialist enterprise, advocates a
treatment of denial as a primitive speech act that is not reducible to the assertion
of a negation.

FDE and its extensions were devised and investigated, by and large, in full
extraneity to either perspective. These logics are typically given a truth-conditional
semantics or, at best, an informational one, like in Belnap’s interpretation of FDE’s
four values as combinations of the epistemic values “told true” and “told false”
(Belnap 1977). Despite this, there is an interpretation of FDE as an appropriate
logic for deductive reasoning in situations where sentences can be accepted and
rejected at the same time (Paoli 2019). Following this suggestion commits us to
jettisoning the so-called pragmatic consistency assumption (Mares 2014), according
to which it is impossible to (rationally) assert and deny the same sentence at the
same time. This is a widely held hypothesis, accepted even by dialetheists (Priest
2006; 2005: 98—99), who are satisfied with the weaker claim that it is sometimes
possible to (rationally) assert a sentence and its negation. However, some textual
evidence in Belnap’s papers (for which see again Paoli 2019) can be taken as a
hint that it was not the latter thesis, but a refusal of the pragmatic consistency
assumption, that he has had in mind.

Setting aside these exegetical issues, let us observe that it is possible to consider
two different—and, crucially, non-equivalent—bilateralist construals of a PK™-
sequent X : Y. One could interpret it as a claim to the effect that either some
formula in X is warrantedly denied or some formula in Y is warrantedly asserted.
Alternatively, X : Y could be read as a claim to the effect that it is not the case
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that all the formulae in X are warrantedly asserted and all the formulae in Y are
warrantedly denied. We call these the positive and the negative construal of that
sequent, respectively.

If we maintain that asserting A is not tantamount to failing to deny A, and
vice versa, the positive and the negative construal are sensibly kept apart. We do
not want to bind too tightly the reflections that follow to an openly bilateralist
perspective. Therefore, if one is inclined to replace the assertion/denial talk with
other constructively admissible readings, one is free to do so. For the positive
construal, some viable options would be: either some formula in X has been refuted
or some formula in Y has been proved; either we have conclusive evidence against
some formula in X, or we have conclusive evidence for some formula in Y.

Both construals have interesting connections with Dunn’s semantics of
relational valuations for FDE (see e.g. Priest 2002: §4.6), which, in their incarnations
as tetravaluations (French 2022; French & Ripley 2019) or dual valuations (Fjellstad
2017; 2020), have already appeared in the literature as interpretation devices for
proof systems for FDE and its extensions. We first define this concept.

Definition 5. A relational valuation for L is a function v from the set of L-propositional
variables to the powerset P ({t,f}) of the set {t,f} of classical values that is inductively
extended to non-atomic formulas as follows:

—A) < fev(A)

—A) < tev(A)

B) < tev(A)andtev(B),
B) < fev(A)orfeuv(B)
B) < tev(A)ortev(B)
B) < fev(A)andf € v(B).

Following French and Ripley (2019), we say that a sequent X : Y has a
counterexample if there is a relational valuation w such that t € w(A) forall A € X
and f € w(B) for all B € Y. If we read 't € w(A)" as A is warrantedly asserted’
and 'f € w(A)" as 'A is warrantedly denied,” the negative construal of a sequent
X : Y pins down what conditions must be in place for that sequent to not have any
counterexample. If a sequent has any counterxample, there is a procedure that
yields what French and Ripley (2019) calls the exact counterexample to that sequent.
To each PK™-sequent X : Y one associates a function v from the set of L-formulas
to P({t,f}), according to the stipulations that t € v(A) iff A € X, while f € v(A)
iff A € Y. Applying the PK™-rules, one can inductively show that v respects the
clauses in Definition 5 and thus is uniquely determined by a relational valuation.

The positive construal is intimately tied to relational valuations, too. If we trade
in once more ‘A is warrantedly asserted’ for its semantical counterpart 't € w(A),”
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as well as "A is warrantedly denied” for 'f € w(A),” the positive construal of X : Y
turns into a constraint on the class of relational valuations that satisfy X : Y. It is
this construal that we will keep in mind in the considerations that follow. To state
and analyse the individual contributions of each operational or structural rule of
PK™ to the inferential role of the connectives, we will sample the PK™-rules against
the backdrop of this interpretation. In so doing, we will freely move between the
perspectives of relational valuations and of warranted assertion and denial.

Before we come to that, however, we pause to observe the following about
the two structural rules that do not hold in PK~, Id and Cut. Id can be informally
read as a claim to the effect that every formula is either warrantedly asserted or
warrantedly denied. It disallows gaps, and corresponds to the condition that for
all v’s and all A’s, either f € v(A) or t € v(A). It bars valuations from assigning a
formula the empty set, a possibility countenanced by Definition 5. Dually, Cut
informally reads as the claim that no formula can be warrantedly asserted and
warrantedly denied at the same time. It disallows gluts, and corresponds to the
condition that for all v’s and all A’s, not both f € v(A) and t € v(A). It bars
valuations from assigning a formula the set {t,f}, a possibility also countenanced
by Definition 5.

How about the rules for the logical connectives? For negation, the right
introduction rule converts an entitlement to deny A into an entitlement to assert
—A, while its inverse converts an entitlement to assert —A into an entitlement
to deny A. These two rules correspond, respectively, to the right-to-left and to
the left-to-right direction of condition (1) in Definition 5. The left introduction
rule converts an entitlement to assert A into an entitlement to deny —A, while
its inverse converts an entitlement to deny —A into an entitlement to assert A.
These two rules correspond, respectively, to the right-to-left and to the left-to-right
direction of condition (2) in Definition 5.

The right introduction rule for conjunction converts an entitlement to assert
both A and B into an entitlement to assert A A B, while its inverses convert
an entitlement to assert A A B into entitlements to assert A and to assert B.
They correspond to the two directions of condition (3) in Definition 5. The
left introduction rule converts an entitlement to deny A (or to deny B) into an
entitlement to deny A A B, while its inverse converts an entitlement to deny A A B
into an entitlement to deny either A or B. And so we have both directions of
condition (4) in Definition 5. The case of disjunction is dual.

4.2. Inferential Roles and Harmony

As the preceding discussion shows, in calculi like PK™ the inferential role of a
logical constant ¢ has four components, and the four rules for c split the bill equally
in taking care of them:
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1. The right introduction rule specifies the conditions under which we are
entitled to assert a sentence dominated by c.

2. The left introduction rule specifies the conditions under which we are
entitled to deny a sentence dominated by c.

3. The right elimination rule specifies the consequences we are entitled to
draw from the assertion of a sentence dominated by c.

4. Finally, the left elimination rule specifies the consequences we are entitled
to draw from the denial of a sentence dominated by c.

Thus, at the local level, horizontal harmony can be viewed as a demand that
there should be a match between the conditions under which are we entitled to an
assertion and to a denial of a sentence dominated by ¢, as well as a demand that
there should be a match between the consequences we are entitled to draw from an
assertion or denial of a sentence dominated by c. In turn, vertical harmony appears
as a demand that there should be a match between the conditions under which
are we entitled to assert or deny a sentence dominated by c and the consequences
we are entitled to draw from such an assertion or denial.

4.3. Addendum: Metainferential Harmony and Bilateralism at Large

Our interpretation of PK™ is distinct from but reminiscent of bilateralist inter-
pretations of either sequent calculi or natural deduction for (generally but not
exclusively) classical logic (Francez 2014; Restall 2005; 2013; Rumfitt 2000). It could
be useful to underscore some of those differences that are particularly pertinent
to the harmony issue.

As noted in §2.1.5 there are prima facie compelling general reasons to
prefer a local measure of horizontal harmony. While we do not believe that
these are ultimately tenable, it is worth underscoring the fact that extant local
bilateralist accounts of harmony are problematic for us, independently of any
general considerations.

To flesh things out, focus on the left/right introductions for disjunction:

AX:Y B, X:Y
AvBX:Y

vL

X:Y,AB
X:Y,AvB

vR
The left introduction converts the warranted denial of A in X : Y and the
warranted denial of B in X : Y into a warrant to deny A v Bin X : Y. We need a

way to determine whether the right introduction, codifying the conditions for
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warrantedly asserting A v B in X : Y, is harmonious, given the left introduction
(and conversely).

Producing a local account of harmony could start with garden variety
reasoning about assertion and denial that could then be appropriately generalised
considering the morphology of the rules.” This would yield a sequent calculus
counterpart of harmony in form.

With respect to the rules for disjunction, one may reason as follows: The denial
of a disjunction in a sequent is warranted if and only if the denial of both disjuncts
is warranted in that sequent. Contrapositively, if a disjunction is not warrantedly
deniable, then at least one of the conditions warranting its denial must fail. The
failure to deny a sentence is tantamount to successfully asserting it. So the assertion
of either disjunct in X : Y, i.e, X : Y, A, B suffices for producing the sequent
X :Y,A v B, ie, for the warranted assertion of A v Bin X : Y. However, here
one presupposes a connection between assertion and denial that need not obtain
in PK™. As already observed, the failure to deny (assert) a statement is not an
automatic license to assert (deny) it. This “procedure” may work when assertion
and denial are exclusive and exhaustive but it breaks down if they are not."

There are also significant methodological worries. First, the appeal —implicit
or explicit—to principles relating assertions and denials would belie the locality
of the account as long as we agree that these need not be simply encoded in the
mere definition of (PK™) as indeed they are not.

Second, even if that were not a worry, it is not clear that an account of harmony
can proceed by presupposing generic principles governing assertion and denial.
On the view espoused here, these principles are sui generis, pertaining to the
nature of the sequents themselves, not to the meaning of the logical operations.
This is consistent with acknowledging that any account of harmony will (likely)
need to grapple with the interplay between assertion and denial.

How should a theory of harmony, looked at from the perspective of the
locality vs. globality debate, handle this interplay? Is it enough to justify an
account of harmony that tells of this interaction? We submit that the answer to this
question must be affirmative. In pairs of left/right introduction and elimination
rules interpreted as in §4.1 we deal with drawing inferences from denied sentences
and asserted sentences. The harmony of these rules is, eo ipso, a measure of the
way in which assertions and denials interact.

13. For instance, in the fashion of Francez (2015b) and Kiirbis (2022) with reference to natural
deduction.

14. In principle, it would be possible to employ a purely morphological account of harmony,
that would use a groundless, if de facto accurate, description of the rules as the basis for determining
harmony —cf. Francez (2014). But in this case it would be unclear what reasons one would
have not to set, e.g., tonk in a category of its own and have it turn out to be harmonious by
mere stipulation.
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If, contra Read (2000), we expect harmony to rule out some pathological
behaviours, then the operational rules defining logical constants must be compatible
with the sui generis proof resources of a proof system. This is a direct consequence
of pathological behaviours depending on both, as tonk’s case illustrates."”

Overall, far from being entitled to assume specific properties of sequents when
setting up criteria of harmony, we need a notion of harmony that accounts for their
interaction with the logical vocabulary. This goes a long way towards vindicating
the appeal of a global account of harmony.

We add to this the following remark about locality both in the name of
horizontal (and vertical) harmony, and, more importantly, as a constraint on
harmony.”® Horizontal (local) harmony amounts to structural atomicity, the
obtaining of which is a function of the structural rules of the calculus. This means
thatitis notatall a local property, i.e., a property that depends only on the left/right
operational rules for the connectives. (However, we continue to call it “local,”
because it does not account for every component of harmony.) To be sure, there
are good reasons to doubt the plausibility of a purely local criterion for any kind
of harmony, horizontal or vertical alike."”

5. Definitional failures

In this section we will explore some alleged pathological “connectives” in the
framework of the proposed theory of harmony for (PK™).

5.1. Tonk

Recall the sequent calculus rules for tonk:

X:Y, A
X:Y,AtonkB

tonkRi1

B, X:Y
Atonk B, X:Y

tonkLi1

We can trivially design inverses of these rules to act as eliminations:

X:Y,Atonk B
X:Y, A

tonkRe1

15. Cf,, e.g., Cook (2005) if our interpretation of Belnap’s remarks in §2.1.1 isn’t persuasive
enough.

16. We are grateful to an anonymous referee for urging us to stress this point.

17. Cf. Dicher (2016b).
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AtonkB,X:Y
B X:Y

tonkLe1

Given the non-pathological design of the eliminations with respect to the
introductions, tonk fares well as far as the reducibility of complexity maxima
is concerned. For instance, those on the right, looking like:

X:Y,A
X:Y,Atonk B
X:Y,A

reduce to

X:Y A
The left side case is similar. This ensures that tonk is vertically harmonious in all the
systems in (PK™). However, this only indicates that the eliminations presented
do not replicate the pathology expressed by its natural deduction introduction
and elimination.

This may be somewhat unsettling. Yet the reducibility of complexity maxima
(which in the case of fonk is tantamount to the invertibility of its rules) is not
a vacuous condition: bad behaviour ensues out of rules that fail to satisfy it.
Consider tonk™ (Humberstone 2020), defined by the rules tonk™Rii= tonkRi1,
tonk*Re1=tonkRe1, tonk " Li1=tonkLi1, tonk" Le1=tonkLe1 together with the rules:

X:Y,B -
X:Y, Atonk™ B

AX:Y
— L tonktLiz

Atonk™ B:Y

X:Y,Atonk™ B S

X Y, B onkt Rez
Atonk™ B,X:Y

tonkt Lez

AX:Y

Hic sunt dracones, because tonk™Ri1 and tonk™ Rez suffice to generate irreducible
maxima on the right and tonk* Li2 and tonk* Le1 suffice to generate them on the left:

X:Y,p
tonk+ Ri1
X:Y,ptonk" g
tonkt Re2
X:Y,q
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p,X:Y .
p tonk q, X- Y, tonktLi2
q XY tonk* Let

So tonk™ lacks local vertical harmony in every proof system under considera-
tion here.

This boils down to tonk™’s introductions being no longer invertible, even
though they are the inverses of the corresponding eliminations. Because there
are two distinct methods for deriving a tonk™-sequent using its introductions,
the availability of such a sequent merely guarantees that at least one method for
obtaining it must be recoverable. There is no assurance that this is the required one.

The failure of local vertical harmony brings with it the failure of global
harmony. Its vertical disharmony generates non-conservativeness even in the
absence of Id and Cut. One can use tonk™ to derive, e.g., [: B] from [: A v B] and
[: ~A]in PK™:

:AVB 1 —A
:(AvB)A—-A .
tonk™* Ri1
: ((A v B) A —A) tonk™ B
B tonk* Re2

which is a non-conservativeness result. At the same time, the derivation above,
even if assumed, without loss of generality, to be structurally atomic (that is, even
if we assume that A and B are atoms), is not in SAAS-normal form as it is not
analytic-synthetic.

(A similar diagnosis holds of a ‘tonk™” that mimics in the sequent calculus its
elimination-behaviour in natural deduction. Thus, instead of eliminating A tonk™ B
on the right by the inverse of its introductions, we could have picked as elimination
rule the projection of the second tonk*-junct, thus producing X : Y, B out of
X :Y, A tonk™ B. This is clearly non-normalisable because non-invertible.)

Invertibility, while generating local vertical harmony, provides no general
guarantee that the L/R rules do not generate aberrant behaviours. Indeed, tonk
does “misbehave” if assertion and denial are taken to be exhaustive and exclusive.
Clearly, it is non-conservative in the presence of Cut. When Id is present, non-
conservativeness is generated by the eliminations. If A tonk B : A tonk B is an
axiom, then using the eliminations we obtain the sequent B : A, for any A and
B, from the empty set of premisses (=as a theorem). In other words, tonk lacks
horizontal harmony in all three systems that extend PK™. (See the derivations below,
in the discussion of global harmony.)

Two observations are in order. First, the exact nature of the problematic
interaction between fonk and the exclusivity and exhaustivity of assertion and
denial is yet to be elucidated. If *:" were to stand for consequence, then it is clearly

Ergoswvol. 13, no. 9 » 2026



Logical Metainferentialism = 283

deleterious. As it does not so stand, the nature of the pathology —if that it is—
exhibited is less clear. However—and this is the second observation—the one
thing that we already know with certainty is that the source of whatever problem
we have encountered here lies elsewhere than in the combination of introductions
and eliminations.™

As far as global harmony is concerned, the reader can easily verify that tonk’s
behaviour raises no problems in interaction with Contraction or Weakening. It is
also plain that fonk fails structural atomicity in the presence of Cut, i.e., in PK or
PK¢,,. A principal Cut on a tonk-formula

X:.Y,p q,W:Z

X:Y,ptonkq p tonkq W : Z
X,W:Y, Z

cannot be replaced with cuts on its subformulae and ultimately it cannot be
replaced with atomic cuts (which are redundant in the case of PK and the empty
set of premisses).

Likewise, tonk does not admit the elimination of Id.” There is no way to
replace A tonk B : A tonk B with atomic instances of Id because instances of Id for
tonk compounds cannot be derived from instances of Id for the tonkjuncts, as an
inverted proof search shows:

?

B:
B: A tonk B
A tonk B : A tonk B

Since atomic structurality is a component of SAAS-normal form, it follows that
tonk is globally disharmonious in any (PK)~ calculus which contains Id or Cut.

There is another aspect of the badness of tonk in an Id-free calculus that needs
to be pointed out. Take the “inverse” of the previous proof:

A tonk B : A tonk B
B : Atonk B
B:A
It shows that B : A follows from the assumption that A tonk B : A tonk B, which is
a somewhat bizarre but hardly problematic result. In PK_,,, we could extend this
proof as follows:

18. See also Fjellstad (2015) and Fiore (2024).
19. The connection between fonk and Id was already noticed and discussed in Fjellstad (2015).
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A tonk B : A tonk B
B : A tonk B
:B B: A
T A A:

This shows that our assumptions have led us astray: the set {A tonk B : A tonk B, :
B, A :} is an antitheorem of PK_,. This is in line with the meaning-theoretic
characterisation of Cut. While it mandates the exclusivity of assertion and denial,
our assumptions jointly commit us to both deny and assert both A and B.
However, if we were to add Id (=the exhaustivity of assertion and denial) to
our proof resources, so that the proof above would proceed from the axiom
A tonk B : A tonk B then the result would have a different significance. In that
case, {: B, A :} would become a novel antitheorem of PK (cf. Definition 2). That is,
Id would not be antiadmissible in it.*

Thus, a more fine-grained analysis of fonk’s shortcomings exhibits the relative
deficiency of both its introductions and eliminations. Whereas its introductions
render Cut not admissible, its eliminations render Id not antiadmissible.

Unlike tonk, tonk™ is compatible with Id: tonk™ instances of Id can be replaced
by atomic instances of Id (Humberstone 2020). A tonk™ B : A tonk™ B can be easily
replaced by the derivation:

A:A
A Atonkt B
Atonk™ B: A tonk™ B

tonk™* Rit

tonkt Li2

If it were to be appraised for harmony in a proof system that has no structural
resources other than Id, then it would count as horizontal harmonious.

However, that does not render tonk™ acceptable tout court in Id-comprising
proof systems. Consider the following analytic-synthetic but not structurally
atomic “proof”:

A tonk™ B: A tonk™ B
A: Atonk™ B
A:C A:B
A:CAB

If we were to attempt to reduce it to a structurally atomic proof we could
obtain the (possibly intermediate) reduct:

20. Notice that in PK}; the derivation of B : A from an instance of Id would also be a non-
conservativeness result.
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A A
A : Atonk' B
A:C A:B
A:CAB

which is still not analytic-synthetic and so not in SAAS-normal form. In fonk™’s
case, the process of structural reduction (local horizontal harmony) introduces
ineliminable complexity maxima (local vertical disharmony) and blocks the
normalisation process. We leave it to the reader to check that this connective’s
interaction with Id and Cut is just as catastrophic as that of its lesser cousin, tonk.
(Notice that the proof used to discuss the deficiency of tonk’s eliminations from
the perspective of Id can be rewritten, salva congruitate, with tonk™ instead of tonk.)

5.2. The Strange Case of Knot

Another putative connective usually taken to be disharmonious is tonk’s dual,
knot (Dosen & Schroeder-Heister 1985, Humberstone 2020). This is L-introduced
as a disjunction and R-introduced as a conjunction, while being eliminated by the
inverse rules (the same labelling conventions as in Figure 1 apply):

AX:Y B,X:Y

knotLe knotLi
AknotB,X:Y
X:Y, A X:Y,B
knotRe knotRi
X:Y,AknotB

Traditional proof-theoretic medicine focusses on its introductions and records
knot’s pathology as one of deficit, rather than excess. While its introductions
interact well with Cut and do not generate non-conservativeness—for instance,
the proof

X:Y, A X:Y,B AX:Y B,X:Y
X:Y,AknotB AknotB, X:Y
X:Y

reduces to

X:Y A AX:Y
X:Y
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nevertheless, knotLi does not fully exploit the inferential license expressed by
knotRi. The sequent A knot B : A knot B cannot be derived from axiomatic sequents
for its subformulae by applying knot’s introduction rules, as an inverted proof
search shows:

?
: B:A B:B
A Aknot B B : A knot B
A knot B : A knot B

In other words, instances of Id over knot-formulae cannot be replaced with atomic
instances of Id. Thus knot, no less than tonk, disturbs the anti-admissibility of Id
and is horizontally disharmonious in proof systems containing Id. This result is
preserved when the eliminations are added.

Yet the addition of the elimination rules in the picture leads to a curious result.
First notice that knot is vertically harmonious: complexity maxima can be easily
eliminated. Yet the eliminations alone suffice to generate non-conservativeness in
the presence of Id. The proof

A knot B : A knot B
A : AknotB
A:B

in PK™ merely shows that if one assumes that one has warrant to either deny or
assert A knot B, then one has warrant to deny A or assert B, for any A,B. In PK|,,
where the top leaf of the derivation would be an axiom, this becomes a non-
conservativeness result. Arbitrary denials are coherent with arbitrary assertions.
This has immediate and deleterious effects on the meaning of the connectives.
For instance, with an application of —Ri followed by an application of vRi to
A : Bweget[: A v B]; thatis, [: —=A v B] is a theorem of PKj, or it is always
coherent to assert [: —A v B]. But this is not something that can be obtained in
PK;, without using knot’s rules. Thus knot, despite being governed by invertible
rules, non-conservatively extends the consequence relation of PK,.
See Table 1 for a systematic summary of these results.

5.3. The Bullet

Our final example, the infamous “bullet” defined by the sequent calculus
introductions and eliminations

e, X:Y
X:Y, e
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Connective Harmony PK= PKy, PKg, PK
tonk Local
vertical X X X X
horizontal X - - -
Global X - - -
tonk™ Local
vertical - - - -
horizontal X X - -
Global - - - -
knot Local
vertical X X X X
horizontal X - x -
Global X - X -

Table 1: Harmony table.

X:Y, e
e, X:Y

is a (garrulous) Liar in that ¢ - —e (Read 2000).*" The point of e was to show
that harmony, understood as invertibility within a Tarskian consequence relation
given by a natural deduction proof system, does not entail conservativeness. That
much is plain both in natural deduction and in the more general type of proof
systems considered here. Its rules are invertible, yet it is a trivialising connective
for Tarskian consequence relations.

But in (PK7), (vertical) invertibility is not all there is to harmony. The bullet
fares just as bad if the sequents have all the Tarskian (or Scott)** properties
as it renders Cut not admissible and Id not anti-admissible. So it is globally
disharmonious in PK. By now, there is nothing surprising about this verdict.

For the other calculi in the family, the matter of the bullet’s harmony is less
straightforward, even if it does not generate triviality or non-conservativeness
results. To determine whether it is harmonious or not we must examine its
interaction with Id, Contraction and Weakening. Of particular importance is
the matter of its horizontal harmony.

Now, one may wonder if the result of such an examination isn’t a foregone
conclusion. The bullet is a 0-ary connective. As such, it satisfies the elimination

21. As such, it is closely related to, yet subtly different from, the connective A, defined by
the rules : A and A: in Dicher and Paoli (2019). We leave it to the reader to check that their
relatedness/distinctness is a function of the structural rules.

22. That is, if the sequents are Tarskian but for having more than one formula in the succedent.
See Scott (1974).
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theorems required for SAAS-normalisability, and in particular for structural
atomicity, ab initio. It would seem that a favourable judgement with respect to
its horizontal harmony is all but guaranteed. At this point it might be sensible
to bring up a distinction made in Schroeder-Heister (2016b) between two kinds
of “simplicity,” or, less metaphorically, two kinds of atoms. A syntactic atom
is an expression of arity o, a semantic atom is a an expression devoid of
specific introduction and elimination rules. The bullet is syntactically atomic
but semantically non-atomic. We posit that structural atomicity for semantically
non-atomic expressions cannot be vacuous. If we were to allow for the condition
to be vacuously satisfied, then we would be allowing for instances in which
it generates no constraints on proofs. But the very point of the condition is to
constrain proofs. There is nothing ad hoc about insisting on genuine constraints, as
the means to discern them are available for semantically non-atomic expressions.

Recall that in standard sequent calculi, Cut elimination results are to be
understood quite literally. Applications of Cut to atoms at the leaves of a proof are
redundant, because they will produce the same identity sequents as the ones to
which Cut was applied. Having no applications of Cut is the ultimate guarantee
that none of its applications comes before the application of an elimination rule,
as SAAS-normal form prescribes.

Reductions of cuts over bullet in the derivation of the empty sequent from
(two instances of) identities over it bring us no closer to this normality desideratum.
The successive permutations of the applications of Cut with the other rules will
yield the initial derivation. Start with

which further reduced gives us a Cut on identities that yields, obviously,
an identity. If we dispense with this Cut we get exactly where we started.
A bibliographical aside: This looping behaviour of paradoxical expressions has
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been already noticed in Prawitz (1965) and Tennant (1982). The central role
of Contraction in generating loops, which we will discuss presently, has been
mentioned in, e.g., Tranchini (2015). The overall connection between Contraction
and the paradoxes was already highlighted in Fitch (1936), while, more recently,
Zardini (2019) has advanced a solution to the paradoxes that rests on a rejection
of Contraction.

However, the loops can be blocked by dropping Contraction. In that case, the
Cut would simply confirm what the axioms are telling us:

'.:: oRiLe) — :.°: oLi(Re)

4 Cut

and would be eliminable. The derivation above reduces to

e e

The obvious question to ask now is whether there is anything peculiar about
the interaction between the bullet and Contraction.

Consider therefore, again, the problem of reductions over o-adic connectives,
this time in the particular case of the bullet and Contraction. If the inference from
o,¢, X :Ytoe, X: Y occursin an arbitrary proof, does an attempt at a reduction
even make sense? In a sense, it does not: the bullet has no proper constituents
so there’s nothing to reduce. Yet the premiss could have been obtained via an
application of an introduction rule (for the bullet) and the conclusion could be the
premiss of an application of a corresponding elimination rule. From a “semantic”
perspective, such a derivation provides opportunities for reductions.

The standard reduction procedure involves applying as many eliminations as
possible and then contracting the result as needed to reconstitute the eliminated
formula by an application of the appropriate introduction. In the case of e there is
no end of possible applications of its elimination rules. Suppose that we attempt to
systematically apply all the possible left eliminations first, followed by all possible
right eliminations, for instance in the proof:

0,0, X:Y
e, X:Y
We simply get back where we began:*

0,0 XY
¢, X:Y,e
X:Y, 0,0
e X:Y, e
0,0 X:Y

23. To save space, we drop the vertical ellipses that mark the derivations displayed as potential
parts of bigger derivations.
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Of course, we could decide to break the chain. We could be satisfied with applying
one elimination to each contracted formula and declare it “exhausted” for further
applications. Then we could contract on e in X : Y, e, ¢ and obtain the desired
conclusion with a further application of eLi. But this is “normalisation by decree,”
which alone makes the difference between an application of eLi and eRe. (Notice
that T, L and A all admit unequivocal reductions, i.e., reductions in which there is
a sequent such that no elimination rule can be applied to it, as opposed to, say,
“need not” be applied. So this has nothing to do with the bullet’s arity.)

Were it not for the convenient labelling, a proof of the kind described above
would not be reduced. The labels, however, are not part of the proof: they are the
expression of the immeasurable lengths some authors go to make life easier for
their readers (referees and editors included). If this paper had been written by
less accommodating authors, no one could fault a reader who, absent the labels,
would conclude that the proof above still needs reduction, as its last step contains
an application of an elimination rule that is preceded by a Contraction. Then,
instead of contracting, we would have applied eRe twice, whereby we would
be in the position of contracting e subformulae and then applying eRi once to
obtain the desired conclusion. But, for all we know, this last application of an
introduction on the right could have been an application of an elimination on the
left. And so on, and on, and on, .. ..

The same holds for Weakening; the proof fragment

X:Y
¢ X:Y
reduces in the first instance to
X:Y
X:Y, e
¢ X:Y
but a decree is again required to consecrate this as a genuine reduct.

This means that the bullet’s rules are such that a proof containing their
applications cannot contain a genuine middle-segment, i.e., one in which not only
is it the case that no operational rules are applied but in which no elimination rules
can be applied. For connectives like the bullet, it is always possible to intersperse
a sequence of atomic applications of the structural rules with operational rules
without disrupting the atomicity of the entire segment. This is, to say the least, a
counterintuitive phenomenon. As an anonymous referee pointed out, this may
justify a modification of the requirement for horizontal harmony, specifically
to handle cases of the kind described above. While such a modification would
be ad hoc, there would be little reason to object, as the bullet itself is an ad
hoc creation designed to showcase the limits of conservativeness in Tarskian
consequence relations.
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The upshot is that, at least on a semantic understanding of atomicity, the bullet
is not only bad if Cut and Id are allowed. It is bad in relation to Weakening and
Contraction too. Indeed, it is bad in itself. Moreover, its badness doesn’t have
much to do with its paradoxicality. Instead, it ensues from a defect of its defining
rules. Indeed, this defect is a kind of non well-foundedness phenomenon, yet it is
to be distinguished from mere paradoxicality.

6. Concluding remarks

We have presented an account of harmony adequate for a metainferential view of
logical consequence. On this analysis harmony is bidimensional, controlling both
the interplay between introductions and eliminations of the same polarity and
that between introductions and respectively eliminations of different polarities.
Vertical harmony is ensured by and amounts to a kind of rule invertibility, which is
formally expressed as the analytic-syntheticity property of Definition 3. Horizontal
harmony is ensured by and amounts to structural atomicity (cf. again Definition 3).
A logical constant can be vertically harmonious, without being horizontally
harmonious. Moreover, harmony as understood here is both a local and a global
property. Its global aspect, witnessed by the obtaining of the SAAS-normal form,
is derivative upon the obtaining of its local aspects. ‘Locality,” however, is a kind
of misnomer, at least for the horizontal dimension. Structural atomicity involves
essentially proof resources codified elsewhere than in the rules for the connectives.
More precisely, it involves their interplay with the structural rules available in the
calculus. In our view, it would not be misguided to speak of entire proof systems
as being harmonious.

A theory of logical harmony invites musical puns. Foes of the very notion are in
a very good position to quip that in logic, as in music, “there is no universal
requirement of harmony” (Rumfitt 2017: 245). While this may be true—the
requirement may not be universal —it is still the case that harmony has its place
in logic as it does in music. Whether the theory here developed is still worth
the name of ‘harmony’ is open to debate. One noticeable difference between
musical and logical harmony is that while the former developed into one more or
less monolithic musical practice, this paper reveals a rather more flexible theory
of logical harmony, where harmony can be achieved at different levels of the
combination of logical pitches.
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Appendix

A Tarskian (logical) consequence relation (cr) is defined as a (substitution
invariant) reflexive, monotonic and transitive relation between a set of formulae
and a formula of a given language (Tarski 1956). (In this paper we restrict our
attention to propositional languages.) This can be generalised by dropping the
requirement that the carrier set of a cr consists of formulae. A cr defined over
no particular ‘ontology’ is an abstract consequence relation (acr, also called Blok-
Jonsson consequence relation) and cr’s defined over distinct carrier sets can be
identified when there are mutually inverse derivability preserving translations
between them (Blok & Jonsson 2006). Distinct cr’s that are so inter-translatable
are Blok-Jénsson similar (Blok & Jénsson 2006). Similarity is an equivalence
relation and consequence relations that fall in the same equivalence class under
it can be identified. So, following Dicher and Paoli (2021), we identify logics as
equivalence classes of cr’s under the similarity relation. The technical details are
summarised below.

Definition 6 (Tarskian consequence relation). Let £ be a language and Form(L)
be the set of its formulae. A Tarskian consequence relation (cr) over L is a relation
—< P(Form(L)) x Form(L) satisfying, for all X u {A} < Form(L):

* Reflexivity: if A € X, then X - A;
* Monotonicity: if X - Aand Y 2 X, then Y - A;
o Transitivity: if X — A and, for every Be X, Y = B, then Y |- A.

Definition 7 (Abstract consequence relation). Let U be any set. An abstract
consequence relation (acr) on U is a relation = < P(U) x U satisfying, for all
Xu{a} cU:

* Reflexivity: ifa € X, then X - a;

* Monotonicity: if X -aand Y 2 X, then Y - a;

o Transitivity: if X - a and, foreverybe X, Y = b, then Y |- a.
Definition 8 (Similarity of acr’s). Let \—,, -, be acr’s on U,, U, respectively; -, and
I, are similar iff there are mappings T : U, — P (U,) and p : U, — P (U,) s.t., for
every X u {a} < U, and for every b € U,:

S1 X+, aiﬁ‘U{T(c) | ce X} -, d, for every d € T (a);

Sz U{T(c) |cep(b)} =, b and b -, d, for every d e U{T(C) |cep (D)}
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Definition 9. Let U be any set.

(1) Aninference for U is a pair (X, a), with X a finite or empty subset of U, whose
members are called premisses, and a an element of U, called conclusion.

(2) Aninference rule r for U is a set of inferences for U, called instances of r; rules
whose members have empty sets of premisses are called axioms.

(3) An abstract proof system (aps) is a pair C = (U, R) such that U is a set and
R is a set of inference rules for U.

Definition 10. Let C = (U, R) be an abstract proof system.

(1) A derivation of a € U from the assumptions in X < U is a labelled tree T whose
labels are elements of U. The object a labelling the root of T is said to be its
conclusion. If a node 7y in T is labelled by b, then either b € X or 7y’s children
nodes are labelled by b,, . .., b,, where for some inference rule r € R we have that
the inference ({b,,...,b,},byer.

(2) If there is a derivation of a from X in C, then a is said to be C-derivable from X,
written X ¢ a.

Theorem 3. If C = (U, R) is an aps, then \—_ is an acr on U.

Theorem 4. Let C be a Gentzen system of language L. Then C is an aps and so the
C-derivability relation is an acr on the set of sequents of L.

On the basis of these definitions/results, one can easily see that Proposition 1
states a similarity result that can be obtained by translating a sequent X : Y as the
formula — /A X v \/ Y while in the other direction, a formula A can be translated
as: A, i.e., the sequent consisting of the empty antecedent and the succedent that
contains just A. For example, the sequent A A B : A is rendered as the formula
—(A A B) v A, whereas in the other direction the formulae A A B and A would
be translated as [: A A B] and, respectively, [: A] (the square brackets are used
to facilitate readability). What is said with formulae by the consequence claim
A A B Ais said with sequents by the claim [: A A B : A].*

24. For details, see Dicher and Paoli (2019; 2021).
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