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Costs, Benefits, Parasites andMutualists:
The Use and Abuse of theMutualism–Parasitism

ContinuumConcept for Epichloë Fungi

Jonathan A. Newman,∗† Sierra Gillis∗‡, and Heather A. Hager∗§

The species comprising the fungal endophyte genus Epichloë are symbionts of cool season
grasses. About half the species in this genus are strictly vertically transmitted, and evo-
lutionary theory suggests that these species must be mutualists. Nevertheless, Faeth and
Sullivan (e.g., 2003) have argued that such vertically transmitted endophytes are “usually
parasitic,” and Müller and Krauss (2005) have argued that such vertically transmitted en-
dophytes fall along a mutualism-parasitism continuum. These papers (and others) have
caused confusion in the field. We used a systematic review to show that close to half of
the published papers in this field incorrectly categorize the interaction. Here, we develop
the argument that advantages and disadvantages are not the same things as mutualism and
parasitism and that experimental evidence must be interpreted in the context of theory. We
argue that, contra Faeth and Sullivan, it is highly unlikely that such strictly vertically trans-
mitted endophytes can be parasites, and that, contra Müller and Krauss, it is inappropriate
to apply the continuum concept to strictly vertically transmitted endophytes. We develop
a mathematical model to support and illustrate our arguments. We use the model to clarify
that parasitism requires some degree of horizontal transmission, and that while it is appro-
priate to use the continuum concept when referring to the genus as a whole, or to species
that possess horizontal transmission, we argue that it is inappropriate to use the concept
when referring to species that are strictly vertically transmitted.
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1 Introduction

In this paper, we are concerned with the nature of the ecological interaction between fungal
species in the genus Epichloë and their grass host plants. In particular, we consider the existence
of a ‘mutualism–parasitism continuum’ for these species. We begin by defining some terms.
Within the context of pairwise species interactions, there are ‘consumer interactions’ in which
one interacting species benefits and the other is harmed (+,−). These are commonly termed
predation, parasitism, herbivory, etc. In commensalism, one species benefits and the other is not
affected (+, 0). In ammensalism, one species is harmed and the other is not affected (−, 0). And
finally, mutualism occurs when both species benefit from the interaction (+,+). We distinguish
the use of these terms from fitness costs and benefits. The costs and benefits of a particular species
interactionmay shift with species ontogeny, environment, or climate. Theremay be times during
the lifespan of an individual where the costs outweigh the benefits, and other times where the
benefits outweigh the costs. As Ewald (1987, 295) succinctly put it:

The net effect on the host’s inclusive fitness of all harmful and beneficial character-
istics is the theoretical criterion used to assign the labels parasitism, commensalism,
or mutualism.

That is, it is the integration of the fitness benefits minus the costs, over the lifespan of the indi-
vidual, that determines the signs used above to describe the pairwise interaction. Furthermore,
we stipulate that in order to conclusively, empirically demonstrate the nature of such a pairwise
interaction, one would need to measure and compare individual fitness over the lifetime of the
individuals involved. Short-term experiments that measure an aspect of, or a surrogate of, fit-
ness provide some information about the immediate costs and benefits of the relationship, but
such experiments do not demonstrate the underlying nature of the interaction. Since individual
experiments rarely actually measure lifetime fitness, conclusions as to the nature of the interac-
tion are most often inferences based on empirical demonstrations of costs and benefits coupled
with evolutionary and ecological theory.

1.1 Epichloë Fungi

The grass subfamily Poöideae arose 30–40 million years ago, in conjunction with a monophyletic
clade of systemic endophytic fungi in the genus Epichloë. These fungi colonize most above-
ground grass tissues, but are usually absent from root tissues. SomeEpichloë species cause ‘choke
disease’ whereby the fungus suppresses the host’s seed production, using the culms as a site to
produce fungal ascospores that disperse to infect new host plants. However, many Epichloë
are also able to asymptomatically colonize the grass ovary, ovule and embryo without damag-
ing the seed, and transmit themselves vertically from one host generation to the next. Indeed,
some Epichloë exhibit choke disease on some tillers, and seed colonization on other tillers. Thus,
these species simultaneously undergo sexual recombination combined with horizontal transmis-
sion between hosts, and clonal reproduction coupled with vertical transmission from one host
generation to the next. Still other species do not reproduce sexually, and transmission to the
next generation is restricted to vertical transmission (Schardl 2010).

The most recent taxonomic revision of this genus (Leuchtmann et al. 2014) shows that it
comprises 34 species, 3 subspecies, and 6 varieties (i.e., 43 distinct lineages). Whether these
species reproduce: only sexually (2 species plus 1 subspecies), only asexually (23 species plus 5
varieties), or both sexually and asexually (9 species plus 2 subspecies) largely determines their
mode(s) of transmission into the next generation. Sexual reproduction in these species provides
the ability for horizontal transmission of the fungus from one individual host plant to another.
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Figure 1: Epichloë typhina stromata on grass host, a condition known as ‘choke disease.’ Photo
copyright 2013 by George Baron; used here with permission. http://hdl.handle.net/10214/5750.

Strictly asexually reproducing species seem to be limited exclusively to vertical transmission into
the next generation. See Table 1 for details.

1.2 Parasitism versus mutualism

Sexual reproduction often involves the production of a stromatal stage that ‘chokes’ some of
the host plant’s reproductive tillers (see Fig. 1). It is often presumed that these interactions are
parasitic because of the obvious fitness loss suffered by the host plant. However, most, if not
all of the Epichloë lineages produce secondary metabolites, alkaloids, that can defend the host
plant against some herbivores and pathogens (see, e.g., Schardl et al. 2013). So it is unclear
what the balance of lifetime costs and benefits is in these sexually reproducing lineages. Thus, it
is an open question as to whether these lineages are parasites or mutualists, and whether they
may be either or both in different environments.

As previously mentioned, the asexual species seem to be restricted to vertical transmission.
Endosymbionts that are strictly vertically transmitted ought to evolve into mutualists if they are
to maintain themselves in the population (see Section 1.3). Indeed, benefits accruing to the host
plants were demonstrated ‘early and often’ (for review of the early literature see, e.g., Saikkonen
et al. 1998), and the interaction was widely asserted to be a mutualism. This view started to
be challenged in the mid-1990s when Stan Faeth and his students began studying the native
grass Festuca arizonica and its asexual endophyte Neotyphodium starii.1 From early on in their
research, Faeth and his colleagues commonly failed to find the widely reported benefits to the
host plants of the endophyte infection (see, e.g., Lopez, Faeth, and Miller 1995) and indeed
found costs of harboring the endophyte. The lack of agreement needed an explanation, and
one possible reason for the difference that Faeth and colleagues hit upon early on was that they

1. Note that all of the asexual Epichloë were classified as Neotyphodium until 2014. Note as well that, as of
the taxonomic revision in 2014, Neotyphodium starii is no longer considered an epichloid species (Leuchtmann et
al. 2014). It nevertheless is an asexual fungal endophyte that has no apparent horizontal transmission and produces
alkaloids in the same classes as the Epichloë.
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Table 1: Constructed from information contained in Leuchtmann et al. (2014). Shown are the
34 species, 3 subspecies and 6 varieties of Epichloë species, cross classified by whether they are
teleomorphic-types or anamorphic-types, and whether they are the result of interspecific hybridiza-
tion or not. For each taxon, we indicate the presence of sexual reproduction and/or vertical transmis-
sion with ✓. The ✓ indicates that the reproduction mode occurs on some of the known hosts but
not all (e.g., E. bromicola transmits vertically on 6 of the known host species, but apparently not in
the other two). The + indicates that there may be multiple hosts from the same genus or that one of
the hosts is known only to genus level. ‘not obs.’ indicates that the transmission mode has not been
observed. The bold denotes taxa formerly classified in the genus Neotyphodium. See supplementary
Table 1 in Leuchtmann et al. (2014) for further details.

Non-Hybrid Sexual Vertical Hosts Hybrid Sexual Vertical Hosts

Te
lo
m
or
ph

ic

E. amarillans ✓ ✓ 6 E. liyangensis ✓ ✓ 1
E. baconii ✓ absent 5
E. brachyelytri ✓ ✓ 1
E. bromicola ✓ ✓ 8
E. elymi ✓ ✓ 2+
E. festucae ✓ ✓ 2+
var lolii not obs. ✓ 1
E. glyceriae ✓ absent 1+
E. sylvatica ✓ ✓ 2
sub polliinensis ✓ ✓ 1
E. typhina ✓ ✓ 10
var ammophilae not obs. not obs. 1
sub clarkii ✓ absent 1
sub poae ✓ ✓ 4
var aonikenkana not obs. ✓ 1
var canariensis not obs. ✓ 1
var huerfana not obs. ✓ 1

A
na
m
or
ph

ic

E. aotearoae not obs. ✓ 1 E. australiensis not obs. ✓ 1
E. gansuensis not obs. ✓ 3 E. cabralii not obs. ✓ 1
var inebrians not obs. ✓ 1 E. canadensis not obs. ✓ 1
E. mollis ✓ ✓ 1 E. chisosa not obs. ✓ 1
E. sibirica not obs. ✓ 1 E. coenophiala not obs. ✓ 1
E. stromatolonga not obs. ✓ 1 E. danica not obs. ✓ 1

E. disjuncta not obs. ✓ 1
E. funkii not obs. ✓ 1
E. guerinii not obs. ✓ 2
E. hordelymi not obs. ✓ 1
E. melicicola not obs. ✓ 2
E. occultans not obs. ✓ 1+
E. pampeana not obs. ✓ 1
E. schardlii not obs. ✓ 1
E. siegelii not obs. ✓ 1
E. sinica not obs. ✓ 1
E. sinofestucae not obs. ✓ 1
E. tembladerae not obs. ✓ 12
E. uncinata not obs. ✓ 1
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were studying a ‘native’ grass–endophyte pair in natural settings, while much of the early work
on the epichloids in general was done on introduced agricultural grasses paired with their non-
nativeEpichloë species inmanaged agroecosystems. Indeed, one can see hints of this explanation
forming in the last lines of Faeth’s earliest paper on the subject:

Our results, however, suggest the effect on herbivores may not be as widespread as
currently believed (Clay, Hardy, and Hammond 1985; Carrol 1988; Strong 1988),
or the effects are more variable in native grass–herbivore interactions. (Lopez, Faeth,
and Miller 1995, 1579, emphasis added)

As Faeth’s body of work began to grow in this field, seemingly so did his conviction that what
he and his students were seeing was not the mutualism predicted by evolutionary theory and
supported by empirical evidence in the agricultural systems. He began publishing papers with
provocative titles such as:

“Neotyphodium in Native Populations of Arizona Fescue: A Nonmutualist?” (Faeth et
al. 1997),

“Neotyphodium in Arizona Fescue: A Necessary Symbiont?” (Sullivan and Faeth 1999),

“What Maintains High Levels of Neotyphodium Endophytes in Native Grasses? A Dis-
senting View and Alternative Hypotheses” (Faeth, Sullivan, and Hamilton 2000),

“Fungal Endophytes: CommonHost Plant Symbionts butUncommonMutualists” (Faeth
and Fagan 2002),

“Are Endophytic Fungi Defensive Plant Mutualists?” (Faeth 2002),

culminating in the particularly assertive:

“Mutualistic Asexual Endophytes in a Native Grass Are Usually Parasitic” (Faeth and
Sullivan 2003).

He continued to develop these ideas throughout these papers, for example:

Endophytic fungi, especially asexual, systemic endophytes in grasses, are generally
viewed as plant mutualists, mainly through the action of mycotoxins, such as alka-
loids in infected grasses, which protect the host plant from herbivores. Most of
the evidence for the defensive mutualism concept is derived from studies of agro-
nomic grass cultivars, which may be atypical of many endophyte–host interactions.
I argue that endophytes in native plants, even asexual, seed-borne ones, rarely act
as defensive mutualists. In contrast to domesticated grasses where infection fre-
quencies of highly toxic plants often approach 100%, natural grass populations are
usually mosaics of uninfected and infected plants. The latter, however, usually vary
enormously in alkaloid levels, from none to levels that may affect herbivores. This
variation may result from diverse endophyte and host genotypic combinations that
are maintained by changing selective pressures, such as competition, herbivory and
abiotic factors. Other processes, such as spatial structuring of host populations and
endophytes that act as reproductive parasites of their hosts, may maintain infection
levels of seed-borne endophytes in natural populations, without the endophyte act-
ing as a mutualist. (Faeth 2002, 25)2

2. Nota bene, Faeth makes reference to a ‘defensive mutualism.’ Most other authors do as well, because of the
production of alkaloids by the endophyte, which we know deter some vertebrate and invertebrate herbivores (e.g.,

 OPEN ACCESS - PTPBIO.ORG

http://ptpbio.org


NEWMAN, GILLIS, AND HAGER: COSTS, BENEFITS, PARASITES AND MUTUALISTS 6

As Faeth has continued to add to this argument through the years, others too started de-
tecting costs of the endophyte to the host grass (e.g., Cheplick, Perera, and Koulouris 2000;
Cheplick 2007, 2008; Härri, Krauss, and Müller 2008a, 2008b; Fuchs et al. 2013). Taken to-
gether, Faeth’s arguments and the publication of other papers demonstrating costs have given
rise to the (albeit minority) view that the strictly asexual vertically transmitted Epichloë–grass
interactions form a ‘mutualism–parasitism continuum’ (Müller and Krauss 2005). In a system-
atic survey of the literature (323 papers, see Appendix A), we found that for strictly vertically
transmitted Epichloë species, 58% of the papers considered the interaction to be a mutualism,
but 30% considered it at least possible that the interaction could indeed be a parasitism (see
Table 2 for details). And this view persists today (see, e.g., Raman and Suryanarayanan 2017).

Table 2: Summary of a systematic review of 323 papers (see Appendix A for details). We classi-
fied papers by the relationship claimed by the authors and cross-classified these claims by the mode
of transmission for the Epichloë species being studied in each case (see Table 1). HT: horizontal
transmission, VT: vertical transmission. Continuum denotes a claim by the authors that the Epichloë
species and host plant interaction is best described as belonging on a continuum between parasitic
and mutualist. Admit the possibility denotes a claim by the author that it is possible that the species
interaction could be parasitic. Not stated denotes that the authors made no statement at all as to the
nature of the interspecific interaction. The cells with red text represent classification errors. As we
show elsewhere in this paper, it is incorrect to classify species that possess horizontal transmission
as strictly mutualist (they may be, they also may be parasites). Conversely, it is incorrect to classify
strictly vertically transmitted species as anything other than mutualists. See Discussion and Appen-
dix A for more details.

Relationship Claimed HT or HT+VT VT only
Parasitic 3 2
Continuum 14 40
Admit the possibility 6 20
Mutualism 80 121
Not stated 12 25

1.3 Why is this view controversial?

Cases of a parasite exhibiting only vertical transmission are interesting from an evolutionary
perspective. To see why, let: ρ be the proportional change in host fecundity relative to an
uninfected host; ψ be the proportional change in the probability of survival from seed through
to reproduction; γ be the probability an infected mother will infect an average seed; and δ
be the same probability for the father. Then, from the Fundamental Vertical Transmission

Hunt and Newman 2005). Nevertheless, we know that the endophyte has many impacts on the host, prompting
Rasmussen, Parsons, Popay, et al. (2008) to ask whether there was more to this mutualism than just alkaloids?
We know from metabolomic and proteomic studies that these endophytes have profound effects on the plant’s
metabolism, biochemistry (see, e.g., Rasmussen, Parsons, Fraser, et al. 2008; Rasmussen et al. 2007; Patchett and
Newman 2021; Geddes-McAlister et al. 2020) and nutrient uptake (see, e.g., Soto-Barajas et al. 2016, and ref-
erences therein). Another empirically well-supported advantage conferred by the endophyte is drought resistance
(see, e.g., Hosseini et al. 2016, and references therein). Our model (developed below) is agnostic about the partic-
ular mechanism(s) that leads to an endophyte advantage. Conceptually, it does not matter whether the endophyte
advantage is derived from defensive alkaloids, a reduction in ‘plant quality’ (from the herbivore’s perspective), better
nutrient uptake, or drought resistance.
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Equation, it can be shown that a sufficient condition for the persistence of a parasite exhibiting
only vertical transmission is ρψ(γ + δ) > 1, and that outside of the possibly rare condition that
γ + δ > 1.65, it is also a necessary condition (Fine 1975). By definition, a parasite reduces the
lifetime fitness of its host relative to an uninfected conspecific, so ρψ < 1. The condition for a
vertically transmitted parasite to maintain itself in a population thus requires a sufficiently high
transmission rate (γ+δ) to counterbalance the fitness detriment it causes to its host. In the case
of the Epichloë species, the fungus has never been shown to be transmitted via the pollen, and
therefore δ = 0. Even assuming maternal vertical transmission were perfect (i.e., γ = 1) it is
not possible for the fungus to maintain itself in the population while still causing a reduction in
the lifetime fitness of the host species.3 That is, the fungus cannot continue to be a parasite, and
evolutionary theory thus strongly suggests that such species must evolve into mutualists (Ewald
1987).

In light of such theory, those who would argue that these strictly vertically transmitted fungi
are not mutualists must provide a mechanism that explains how the fungus is maintained within
a plant population, in the face of lifetime fitness costs to the plant. Faeth and Sullivan (2003)
offer four possible explanations for their claim that “mutualistic asexual endophytes in a native
grass are usually parasitic” (see also Faeth 2010). We briefly summarize these here. See Faeth
and Sullivan for a more detailed presentation.

1. Mutualistic outcomes are rare but important. This explanation is an acknowledgement that
it is lifetime fitness that matters, not a component of fitness (e.g., seed production), mea-
sured over a period of a few months or years. These cool-season perennial grasses can
live for tens of years. What happens during a single season, or indeed multiple seasons,
matters but has to be viewed in the context of the entire lifetime. This is particularly true
if the mutualist advantage is very large in these ‘rare’ years. This defense amounts to an ad-
mission that the interaction is indeed a mutualism, when viewed over the whole lifetime
of the host plants. We agree that this is a plausible explanation of experimental demon-
strations of endophyte induced fitness reductions to the host plant. However, we feel it
is misleading to refer to such a situation as a ‘parasitism’ when it is plainly a mutualism.
In our view, it is better to refer to such observations as ‘costs.’

2. Interactions vary with spatial structuring. This defense imagines a landscape containing
multiple local populations of the grass hosts. In these populations, some individuals will
be infected with the endophyte, and some individuals will be endophyte-free. Further-
more, it is imagined, there will be random ‘catastrophes’ that temporarily wipe-out some
populations, and these now ‘empty’ patches become available for recolonization. If these
local populations were closed (i.e., no dispersal between them), and the endophyte were
parasitic, the whole meta-population would eventually lose the endophyte. However, if
dispersal between populations is sufficiently high, and catastrophes are sufficiently com-
mon, then it is (mathematically) possible for a parasitic strain of the endophyte to persist
in the meta-population (Saikkonen, Ion, and Gyllenberg 2002). Intuitively, this works
because host plants infected with a parasitic strain of the endophyte would be able to
disperse and recolonize empty patches (wiped out by the catastrophes) before they are
out-competed by endophyte-free plants. This meta-population explanation requires sig-
nificant dispersal of seeds (not pollen) between populations. With some notable excep-

3. To illustrate this point, suppose that the fitness costs of harbouring the endophyte were very small, say,
ρ = ψ = 0.99999. This means that infected hosts experience a 0.001% reduction in fecundity and survival relative
to the uninfected host. Now, since δ = 0, even assuming that γ = 1, ρψ(γ+δ) ≯ 1 because 0.99999×0.99999(1+
0) = 0.99998 ≯ 1.
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tions, grass seeds are not known for their long-distance dispersal, typically on the order
of tens of centimeters (e.g., Rabinowitz and Rapp 1981), rather than the longer distances
that might be necessary for persistence in a landscape such as is imagined here. Therefore,
we do not think that this mechanism seems very plausible, but admittedly the hypothesis
awaits experimental evidence one way or the other.

3. Asexual endophytes are transmitted horizontally. This hypothesis does not explain how
strictly vertically transmitted endophytes can be parasites and still persist in the popu-
lation. Instead, it changes the question. If these asexual fungal endophytes occasionally
do transmit themselves horizontally, this may account for how an endophyte might be
parasitic and still maintain itself in the population. This explanation seems unlikely since
horizontal transmission in these species has not been observed, and, as Faeth and Sullivan
admit, the horizontal transmission rate would have to be high enough to overcome the
endophyte loss rate, which can be high (Afkhami and Rudgers 2008). To these caveats,
we would add that basic epidemiological theory requires the dispersal rate to be ‘high
enough’ to overcome the fitness detriment caused to the host plant (i.e., the parasite must
be able to disperse faster than it is killing its host; see, e.g., Anderson and May 1992,
Chapter 4). See also Faeth, Hadeler, and Thieme (2007) for a theoretical treatment of
this idea and other variations on the theme.

4. Asexual endophytes retain control over host plant reproduction. This explanation is an at-
tempt to extend a hypothesis about Wolbachia bacteria to the Epichloë context. Wolbachia
form associations with many arthropods and filarial nematodes. In the nematodes, Wol-
bachia form stable mutualistic symbioses. In insects, Wolbachia are predominantly ver-
tically transmitted, and are supposedly an evolutionary conundrum, because they seem
to violate the theory, described earlier, that heritable symbionts must be mutualists. Wol-
bachia seem to be reproductive parasites, manipulating the reproduction of their arthropod
hosts to their own advantage, and in the process often substantially decreasing the host’s
fitness. Wolbachia have been shown to use cytoplasmic incompatibility, killing or femi-
nization of genetic males, and induction of thelytokous parthenogenesis. The supposed
advantage of these manipulations for Wolbachia is that they are inherited solely through
the female germline (as are vertically transmitted Epichloë), and their manipulations in-
crease the proportion of females in the host population, allowing Wolbachia to spread
without being a mutualist (Zug and Hammerstein 2015).

Turelli (1994) points out that, despite there being no need for Wolbachia to be a mutu-
alist, there is still selection pressure acting to promote mutualism. A mutualist strain of
Wolbachia that, in addition to manipulating its host’s reproduction, also conferred a fitness
advantage to the host, would spread in a population of Wolbachia where such a trait was
absent. Zug and Hammerstein (2015, 90) point out that “recent years have seen a grow-
ing body of evidence suggesting that Wolbachia can have positive effects on the fitness
of arthropod hosts and thus behave as mutualists.” While the Wolbachia conundrum is
still being debated, there are several elements of this story that do not seem to apply in
the Epichloë case. The occasional horizontal transmission in Wolbachia, and the lack of
evidence for manipulation of the grass host sex ratios are two obvious ones.4

4. Faeth and his students work on Festucae arizonica, which is bisexual (i.e., each flower of each individual has
both male and female structures; Darbyshire and Pavlickf 2020) so it is not clear to us how the Wolbachia analogy
would be applicable to this system.
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1.4 The ‘mutualism–parasitism continuum’

Ewald (1987) probably introduced the term mutualism–parasitism continuum, but Johnson et
al. seem to have popularized the term in their consideration of mychorrhizal fungi–host plant
interactions. They described it thus (Johnson, Graham, and Smith 1997, 583):

Mutualism and parasitism are extremes of a dynamic continuum of species interac-
tions. Mycorrhizal associations are generally at the mutualistic end of the contin-
uum, but they can be parasitic when the stage of plant development or environmen-
tal conditions make costs greater than benefits, or possibly when the genotypes of
the symbionts do not form ‘win–win’ associations. In natural systems, plant geno-
types exist because they successfully propagate more plants, and fungal genotypes
exist because they successfully propagate more fungi. Usually, by living together,
plants and mycorrhizal fungi improve each other’s probability for survival and re-
productive success. But sometimes, and being anthropomorphic, plant ‘interests’
are in conflict with those of the fungi. In the words of Dawkins (1978) “we must
expect lies and deceit, and selfish exploitation of communication to arise whenever
the interests of the genes of different individuals diverge.” The ‘interests’ of plants
and mycorrhizal fungi are likely to diverge in highly managed agricultural systems,
where fertilization eliminates shortages of soil nutrients, and plant genotypes are
selected by humans and not by millennia of natural selection.

Although the argument about where on this supposed continuum these epichloid species sit
had been going on for quite some time (for a sampling of this literature, see: Clay 1988, 1991;
Saikkonen et al. 1999; Faeth et al. 1997; Faeth and Fagan 2002; Faeth, Sullivan, and Hamilton
2000; Faeth, Helander, and Saikkonen 2004; Faeth and Hamilton 2006; Rudgers et al. 2010;
Rudgers et al. 2012), Müller and Krauss (2005) seem to have introduced the use of the term to
the study of epichloids with their paper titled: “Symbiosis between grasses and asexual fungal
endophytes”:

The symbiosis between vertically transmitted asexual endophytic fungi and grasses
is common and generally considered to be mutualistic. Recent studies have accu-
mulated evidence of negative effects of endophytes on plant fitness, prompting a de-
bate on the true nature of the symbiosis. Genetic factors in each of the two partners
show high variability and have a range of effects (from positive to negative) on plant
fitness. In addition, interacting environmental factors might modify the nature of
the symbiosis. Finally, competition and multitrophic interactions among grass con-
sumers are influenced by endophytes, and the effects of plant neighbours or con-
sumers could feedback to affect plant fitness. We propose a mutualism–parasitism
continuum for the symbiosis between asexual endophytes and grasses, which is similar to
the associations between plants and mycorrhizal fungi. (450; emphasis added)

While debate over the usefulness of the concept continues in the mycorrhizal literature (see, e.g.,
Smith and Smith 2013), in this paper we argue that the concept is useful to theEpichloë situation
only when discussing the genus as a whole, or when discussing individual species that possess
horizontal transmission. We argue that, contra Müller and Krauss, the term is not appropriate
for use with strictly vertically transmitted Epichloë. There are important biological differences
between mycorrhizal fungi and Epichloë fungi that make this continuum concept less universal
than it is perhaps in the mycorrhizal situation. As Ewald (1987) pointed out, transmission
mode is probably the most important difference. In the next section we develop a simple model
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of each transmission strategy and use this model to draw conclusions about the nature of these
Epichloë–grass interactions.

2 AModel of Endophyte Transmission

In this section we develop a simple continuous-time, ordinary non-linear differential equation
model that covers each of the three cases of transmission: horizontal transmission only, vertical
transmission only, or both horizontal and vertical transmission. Before we develop the model,
we first take care of some housekeeping. The notation used in the model is summarized in
Table 3.

2.1 State variables

Let 0 ≤ x ≤ 1 be the proportion of a pasture that is infected with the endophyte. Let 0 ≤ y ≤ 1
be the proportion of the pasture that is uninfected. At equilibrium, we denote these as x∗ and
y∗. We can then define

ϕ∗ =
x∗

x∗ + y∗
, (1)

as the proportion of the plants in the pasture that are infected with the endophyte at equilibrium.
Note that x+ y need not equal 1; the difference simply represents bare ground.

2.2 Density-dependence

We assume that both birth and death rates are density dependent (e.g., Bullock, Hill, and Sil-
vertown 1994). Let b be the density-independent per capita birth rate, and d be the density-
independent death rate. Note that the model we will develop lacks a stage-structure. Here,
‘birth’ means the rate at which individual plants successfully recruit from seeds (i.e., it includes
seed and seedling mortality), while ‘death’ means the death of mature plants. We then model
the density-dependent per capita birth and death rates, respectively, as:

(1− x− y)b, (2)

and
(x+ y)d. (3)

2.3 Endophyte (dis)advantage

Throughout the remainder of this paper we refer to the effects of the presence of the endophyte
as either an advantage or a disadvantage to the host plant in terms of the effects the endophyte
has, directly or indirectly, on the host’s birth rate and death rate. It would also be appropriate to
refer to these as benefits and costs of harbouring the endophyte. We use the term (dis)advantage
to refer to the effect of the endophyte on the host generally, to denote circumstances in which
the these effects might be positive or negative.

Let a be the per capita birth rate (dis)advantage. We then model the endophyte infected
proportion of the pasture’s per capita birth rate as:

(1− x− y)ab. (4)
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Table 3: Model definitions. These parameters and state variables are used in Eq. (9).

Notation Definition

x, x∗, y, y∗ Model state variables. The proportion (x) of the pasture infected
by the endophyte and at equilibrium (x∗), the proportion of the
pasture that is uninfected (y) and at equilibrium (y∗). Note x+ y
need not equal 1, the difference being bare ground.

ϕ∗ The equilibrium proportion of infected plants in the pasture.

a, at The per capita birth rate (dis)advantage. If a < 1 then the endo-
phyte imposes a cost on the host in terms of the host’s birth rate.
If 1 < a then the endophyte confers an advantage to the host in
terms of its per capita birth rate. at denotes the case where the
strength of the birth rate (dis)advantage varies through time.

b The per capita birth rate of the host plant. Default value: 0.1.

c The per capita death rate (dis)advantage. If c < 1 then the en-
dophyte confers an advantage in terms of the host’s death rate. If
1 < c then the endophyte imposes a cost in terms of the host’s
death rate.

d The per capita death rate of the host plant. Default value: 0.05.

h The per capita rate of horizontal transmission of the endophyte.

ℓ The endophyte loss rate from seeds of infected plants in the next
generation.
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Figure 2: Parameter space. a denotes the birth rate (dis)advantage. If 1 < a the endophyte con-
fers an advantage to the host plant in terms of the plant’s birth rate. c denotes the death rate
(dis)advantage. If c < 1 the endophyte confers an advantage in terms of the plant’s death rate.
The species interaction would certainly be called a mutualism in the upper left hand quadrant of the
parameter space since the plant enjoys an advantage of the endophyte infection in terms of both its
birth and death rates. In the lower right hand quadrant, the species interaction would certainly be
called a parasitism since the plant suffers a disadvantage of the endophyte infection in terms of both
its birth and death rates. The remaining two quadrants represent trade-offs between an advantage
and a disadvantage. In the upper right the endophyte confers an advantage in terms of the plant’s
birth rate, but a disadvantage in terms of the plant’s death rate. Whether or not this interaction is
a mutualism or a parasitism depends on the relative strengths of the two (i.e., whether or not we
are above the a = c line or below it, respectively). And similarly for the lower left quadrant except
that now the endophyte confers a disadvantage in terms of the plant’s birth rate but an advantage in
terms of its death rate.

If a = 1 then there is neither an advantage nor a disadvantage to the host plant of harboring
the endophyte, in terms of the plant’s birth rate. If a > 1 then the endophyte is an advantage
to the plant (at least in terms of its birth rate) because it increases the birth rate. For example,
if a = 1.2 then the per capita birth rate of infected host plants will be 20% greater than the
per capita birth rate of uninfected host plants. And if a < 1 then the endophyte imposes a
disadvantage on the host plant, at least in terms of its birth rate.

Similarly, let c be the per capita death rate (dis)advantage. Wemodel the endophyte infected
proportion of the pasture’s per capita death rate as:

(x+ y)cd. (5)
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Figure 3: Temporally varying birth rate (dis)advantages. The endophyte confers a birth rate advan-
tage when at > 1 and it confers a death rate advantage when c < 1. The endophyte shown in (a–d)
always confers a disadvantage on the host plant in terms of its death rate, while at oscillates between
being an advantage and a disadvantage. The endophyte shown in (e–h) always confers an advantage
in terms of the host’s death rate while at oscillates between advantage and disadvantage. In (i) we
illustrate three examples of oscillating at that we use to generate the numerical results shown later.

If c = 1 the endophyte imposes neither an advantage nor a disadvantage to the host plant. If
c < 1 then the endophyte is an advantage to the host plant, at least in terms of its per capita
death rate, and if c > 1 then the endophyte confers a disadvantage to the host plant in terms of
death rates.5 These relationships are summarized in Fig. 2.

5. Nota bene, it is important to keep in mind that a and c work in opposite directions. Large values of 1 < a are
advantageous because it is a multiplier of the birth rate making it larger (Eq. (4)), which is advantageous. On the
other hand, large values of 1 < c are disadvantageous because it is a multiplier of the death rate (Eq. (5)), making
it larger, which is disadvantageous.
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2.3.1 Temporally varying (dis)advantages

Up to now, we have been assuming that a and c are constants. We think much of the confu-
sion around the mutualism–parasitism continuum derives from situations in which there are
temporally varying (dis)advantages. We therefore develop this situation as well. Let

at = α1sin
(
α2(t+ α3)

)
+ α4. (6)

The shape parameters work as follows. Equation 6 oscillates around α4 ±α1. The period of the
oscillations is 2π/α2. The phase shift is given by α3. Note that throughout, for simplicity and
without loss of generality, we let α3 = 0 and α2 = 1/32.

If we integrate Eq. (6) over the interval [0, 2π/α2] we get:∫ 2π/α2

0

atdt =
α1 + α2α4

2π
α2

− α1cos(2π)
α2

,

=
2πα4

α2

.

(7)

From Eq. (7) we can show that the mean value of at is:

at =

∫ 2π/α2

0
atdt

2π/α2

,

= α4.

(8)

One can develop a similar treatment for temporally varying c, but for ease of demonstration
and without loss of generality, we let ct = c throughout.

The situation described above is illustrated in Fig. 3. How should we describe the relation-
ships depicted in Fig. 3? Consider the endophyte described by Fig. 3a→d, there are clearly time
periods during which this endophyte is a disadvantage in terms of both the host plant’s birth
and death rates (Fig. 3b and 3d). Is it appropriate to refer to this endophyte as a ‘parasite’ dur-
ing these periods? Similarly, consider the endophyte described in Fig. 3e→h, there are times
where this endophyte is an advantage in terms of both host’s birth and death rates (Fig. 3e and
3g). Is it appropriate to refer to this endophyte as a ‘mutualist’ during these periods? For the
endophyte in Fig. 3a→d there are also periods of time during which it is a disadvantage in terms
of the host’s death rate, but it is an advantage in terms of the host’s birth rate (Fig. 3a and 3c).
And conversely, for the endophyte depicted in Fig. 3e→h there are times when this endophyte
confers a disadvantage in terms of the host’s birth rate but an advantage in terms of the host’s
death rate (Fig. 3f and 3h). How should we describe the relationship during these periods?
And finally, putting it all together, how should we describe these endophytes without regard to
a specific time frame? We will return to these questions in the discussion section.

2.4 Endophyte loss

Let 0 ≤ ℓ ≤ 1 be the per capita loss rate of the endophyte, and conversely, 1− ℓ is the transmis-
sion efficiency rate. Endophyte loss occurs through several non-mutually exclusive mechanisms.
The endophyte may fail to colonize a newly produced vegetative tiller, it may fail to colonize the
developing seeds prior to dispersal, and it may be lost from successfully colonized seeds prior
to germination (Afkhami and Rudgers 2008). Because we are modelling individual plants, we
are unconcerned with the failure of the fungus to colonize some tillers on an otherwise infected
plant. We are only concerned with the failure of the fungus to give rise to a new, infected plant.
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This may happen because the seed produced is not successfully colonized prior to formation and
dispersal, or the fungus may die in the seed prior to germination, or the fungal infection may
fail to establish itself at the seedling stage prior to developing into a mature plant. We subsume
all of these mechanisms into the single parameter ℓ. Thus, a positive loss rate means that the
proportion ℓ of the per capita birth rate from infected individuals will turn out to be uninfected.
And 1 − ℓ will turn out to have the infection. The special case of ℓ = 0 implies that the en-
dophyte is always perfectly transmitted to the next generation. When ℓ = 1 the endophyte is
strictly horizontally transmitted.

2.5 Horizontal transmission

In the case of strictly horizontal transmission, we assume that all births from infected plants
are initially uninfected. Furthermore, we assume that the horizontal transmission rate depends
on the interactions between infected and uninfected individuals. For any encounter, the chance
of passing on the infection is given by h (conceptually similar to β in standard susceptible–
infected (SI) epidemiological models; see, e.g., Anderson and May 1992). Thus the rate of
horizontal transmission is given by: hxy. A useful extension to our model would be to relax this
assumption by creating a spatially explicit model with a more mechanistically detailed treatment
of horizontal transmission.

2.6 General model

We can use the above to construct a single model of the Epichloë–grass interaction as follows:

dx
dt = (1− ℓ)(1− x− y)atbx︸ ︷︷ ︸

(1)

+ hxy︸︷︷︸
(2)

− (x+ y)cdx︸ ︷︷ ︸
(3)

,

dy
dt = ℓ(1− x− y)atbx︸ ︷︷ ︸

(4)

+(1− x− y)by︸ ︷︷ ︸
(5)

− hxy︸︷︷︸
(2)

− (x+ y)dy︸ ︷︷ ︸
(6)

.

(9)

Here, (1) denotes the birth rate at which new infected individuals arise from infected plants,
(2) denotes the rate of horizontal transmission by which uninfected plants become infected,
(3) denotes the density-dependent death rate of infected plants, (4) denotes the birth rate at
which new uninfected individuals arise from infected plants, (5) denotes the birth rate at which
uninfected individuals arise from uninfected plants, and (6) denotes the density-dependent
death rate of uninfected individuals. Note that if ℓ = 1 we obtain a model that represents
strictly horizontal transmission, and if h = 0 we obtain a model that represents strictly vertical
transmission. Also note that if we let at = a we obtain a model with temporally constant
endophyte (dis)advanatges.

We next use this model to develop each of the three transmission cases separately. For each
case we first develop the results for the case of at = a (i.e., temporally constant birth and death
(dis)advantages) and then we numerically solve for the temporally varying conditions.

3 Case A. Strictly Horizontal Transmission, ℓ = 1

In this first case we consider the general situation for species like Epichloë baconii, E. glyceriae,
or E. typhina sub. clarkii (see Table 1). These species seem only to use horizontal transmission;
vertical transmission seems to be absent. We obtain this model by setting ℓ = 1 in Eq. (9). The
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Figure 4: Equilibrium proportion of infected plants, ϕ∗. Case A (strictly horizontal transmission,
ℓ = 1); see Eq. (12). The equilibrium proportion of endophyte infected individuals in the popu-
lation as a function of c, the death rate (dis)advantage conferred by the endophyte. Note that the
equilibrium is independent of a, the birth rate (dis)advantage, since there is no vertical transmission
in this case. h denotes the rate of horizontal transmission. d denotes the host plant’s death rate;
solid lines denote d = 0.05, and the dash-dot lines denote d = 0.1. Purple shading denotes the
minimum and maximum values of the cyclic dynamics for Eq. (9) when d = 0.05 and the yellow
shading denotes the same when d = 0.10.

following biological constraints exist: 0 < a, 0 < b, 0 < c, 0 < d. Subject to these constraints,
this model yields two solutions:

3.1 Solution A.1. The pasture is totally uninfected at equilibrium

This solution occurs in the case of h/d < c. In this case the infection cannot sustain itself
because infected plants die faster than the infection can be passed on to susceptible plants. The
equilibrium pasture densities are given by Eq. (10). Again, note that x+ y need not equal unity.
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{
x∗ = 0, y∗ =

b

b+ d

}
. (10)

3.2 Solution A.2. Infected and uninfected plants coexist at equilibrium

When c ≤ h/d, the equilibrium proportions of infected and uninfected plants in the pasture
are given by Eq. (11).{

x∗ =
−b(cd− h)((a− 1)cd− ah)

h(bc(d− ad) + abh+ cd(−cd+ d+ h))
,

y∗ =
−bcd((a− 1)cd− ah)

h(bc(d− ad) + abh+ cd(−cd+ d+ h))

}
.

(11)

Substituting Eq. (11) into Eq. (1) and simplifying yields:

ϕ∗ = 1− cd

h
. (12)

Note that this solution is independent of any birth rate (dis)advantage. Since there is no vertical
transmission, any effect the endophyte has on the host plant’s birth rate only influences the birth
rate of uninfected plants. Equation 12 is shown in Fig. 4. We see that the larger the value of
horizontal transmission rate (h) or the smaller the value of the death rate (dis)advantage (c), the
larger the equilibrium fraction of the pasture that is infected (ϕ∗). This matches our intuition.

This solution requires that the denominator in Eq. (11) must not be zero. Given the biolog-
ical constraints on the parameters listed above, this condition is always satisfied. It can also be
shown (see Appendix B) that these solutions are all stable fixed points.

3.3 Case A. Temporal variation

We simulated Eq. (9) for the three patterns of temporal variation in at depicted in Fig. 3i. We
simulated 100 years of population dynamics, which was more than sufficient to flush the initial
conditions and for the system to settle into its equilibrium dynamics. These results are shown
in Fig. 4 and examples of the dynamics are shown in Fig. 5a, 5d and 5g. From these figures we
see that, although the equilibrium dynamics are cyclic (due to the temporally varying at) the
cycles oscillate around the equilibrium from the stable point solutions found in the case where
at = a is a constant. We can see this more generally in Fig. 4, where the point equilibria for the
constant (dis)advantage case overlay the stable cycles for the temporally varying at.

4 Case B. Strictly Vertical Transmission, h = 0

In this case we consider those Epichloë species (see Table 1) that use only vertical transmission.
In comparison to the previous case, we remove the horizontal transmission rate (h = 0) and we
now consider that infected plants can give rise to infected plants via the vertical transmission of
the fungus into the developing seeds (0 ≤ ℓ < 1).

4.1 Case B.i. perfect transmission, ℓ = 0

If ℓ = 0 it can be shown that the following three solutions exist.
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Figure 5: Phase plane diagrams of the system dynamics. Cases A and D: a strictly horizontally
transmitted endophyte (i.e., ℓ = 1) are shown in (a), (d) and (g). Cases B and D: a strictly vertically
transmitted endophyte (i.e., h = 0) are shown in (b), (e) and (h). Cases C and D: an endophyte
with both horizontal and vertical transmission are shown in (c), (f ) and (i). In all of these examples,
c = 1.1 (i.e., confers a death rate disadvantage), d = 0.05. In (a), (d) amd (g) ℓ = 1 and h = 0.1.
In (b), (e) and (h) ℓ = 0.05 and h = 0. In (c), (f ) and (i) ℓ = 0.05 and h = 0.1. The light solid lines
denote the dynamics for Eq. (9) while the dark dash–dot lines denote the corresponding dynamics
for Eq. (9) where a = a(t) = α4. The point denoted t = 0 denotes the initial conditions. When
α4 = 0.9, α1 = 0.1; when α4 = 1.2, α1 = 0.4; and when α4 = 1.5, α1 = 0.7; see Eq. (6).

4.1.1 Solution B.i.1. The pasture is totally infected at equilibrium

For c < a the endophyte infection goes to fixation:{
x∗ =

ab

ab+ cd
, y∗ = 0

}
. (13)

4.1.2 Solution B.i.2. The pasture is totally uninfected at equilibrium

For a < c the endophyte infection goes locally extinct:{
x∗ = 0, y∗ =

b

b+ d

}
. (14)
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4.2 Solution B.i.3. Infected and uninfected plants coexist at equilibrium

If, and only if, the per capita birth rate (dis)advantage equals the per capita death rate (dis)-
advantage, the system yields a coexistence solution—one where both infected and uninfected
plants stably coexist in the population. That is, when a = c we obtain:

y∗ =
b− bx∗ − dx∗

b+ d
. (15)

4.3 Case B.ii. imperfect endophyte transmission, 0 < ℓ

In the case of imperfect endophyte transmission (i.e., 0 < ℓ) the system has two just solutions.

4.3.1 Solution B.ii.1. The pasture is totally uninfected at equilibrium

When 0 < ℓ and a < c (i.e., below the diagonal line in Fig. 2) the endophyte infection cannot
be maintained in the population. We thus obtain the following equilibrium:{

x∗ = 0, y∗ =
b

b+ d

}
. (16)

This result demonstrates that when the costs of the endophyte to the host plant’s fitness outweigh
the benefits, the endophyte goes locally extinct. Note, this is the same equilibrium as found in
Eq. (14) above.

4.3.2 Solution B.ii.2. Infected and uninfected plants coexist at equilibrium

When 0 < ℓ < (a− c)/a and c < a infected and uninfected host plants coexist according to:{
x∗ =

−ab(ℓ− 1)
(
a(ℓ− 1) + c

)(
a(c− 1)ℓ+ a− c

)(
ab(ℓ− 1)− cd

) ,
y∗ =

a2bc(ℓ− 1)ℓ(
a(c− 1)ℓ+ a− c

)(
ab(ℓ− 1)− cd

)}. (17)

Eq. (17) requires that c(b + d) ̸= 0 and bd(a(c − 1)ℓ + a − c)(ab(ℓ − 1) − cd) ̸= 0. For
coexistence, given the constraints on the parameters, it can be shown that these conditions are
always met (see Appendix C). Substituting Eq. (17) into Eq. (1) and simplifying yields:

ϕ∗ =
a− c− aℓ

a(c− 1)ℓ+ a− c
. (18)

Eq. (18) is plotted in Fig. 6a, 6d and 6g. There, we see that ϕ∗ → 0 as c → a reflecting the
constraints that ℓ < (a− c)/a and c < a. Notice that there are no solutions where both a < 1
and 1 < c simultaneously (Fig. 6a grey shaded area). The larger the value of a, the larger can be
c and still result in ϕ∗ > 0 (cf. Fig. 6d and 6g).
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4.4 Case B. Temporal variation

We again simulated Eq. (9) for three patterns of variation in at depicted in Fig. 3i. Again,
we simulated the dynamics for 100 years which was sufficient to flush the initial conditions
and for the system to settle into its equilibrium dynamics. These results are shown in Fig. 6a,
6d and 6g and examples of the dynamics are shown in Fig. 5b, 5e and 5h. Note particularly
that in Fig. 6a and 5b (i.e., the endophyte is a parasite because both 1 < c and at < 1) the
endophyte goes locally extinct, even when at is not constant, demonstrating the conclusion that
a strictly vertically transmitted endophyte cannot persist as a parasite. As was the conclusion
for Case A, we can see from the figures that, although the equilibrium dynamics are cyclic
in the case of coexistence (due to the temporally varying at) the cycles oscillate around the
equilibrium from the stable point solutions found in the case where at = a is a constant. We
see this more generally in Fig. 6a, 6d and 6g, where the equilibria point solutions for the constant
(dis)advantage case (solid and dash-dotted line) overlay the cycles for the temporally varying at
(yellow and purple shading).

5 Case C. Horizontal & Vertical Transmission, 0 ≤ ℓ < 1, 0 < h

In this section we consider the case for those Epichloë species that simultaneously exhibit both
horizontal and vertical transmission (see Table 1).

Eq. (9) does have a close-form solution, but it is not enlightening (it involves dozens of
polynomial terms). We therefore provide numerical solutions. These solutions are plotted in
the second and third columns of Fig. 6. Numerically, we find that coexistence does not require
mutualism. An example of such a parasitic interaction is shown in the grey shaded area (where
1 < c) of Fig. 6c (where a = 0.9). There we see that coexistence is not only possible, but that the
level of pasture infection can even be quite high, approaching 90% infection. Ceteris paribus, the
higher the horizontal transmission rate (h) the higher the fraction of the pasture that is infected
(ϕ∗; cf. Fig. 6b and 6c; Fig. 6e and 6f; or Fig. 6h and 6i). The higher the endophyte loss rate (ℓ),
the lower the fraction of the pasture that is infected (compare the solid and dashed-dotted lines
in any panel). The lower the value of a or the higher the value of c, the lower the equilirbium
fraction of the pasture that is infected, ϕ∗.

It can also be shown numerically that all of the solutions in Fig. 6 are stable fixed points; see
Appendix B for more detail.

5.1 Case C. Temporal variation

Again, we evaluated Eq. (9) numerically for the values of at shown in Fig. 3i, for a period of 100
years, which was more than adequate to flush the initial conditions and for the system to settle
into its long-term dynamics. Examples of these dynamics are shown in Fig. 5c, 5f and 5i. There,
we see that the solution to Eq. (9) results in a stable cycle while the solution to Eq. (9), where
a = at, results in a stable point around which the cyclic solutions oscillate. More generally, the
results are shown in Fig. 6. Note that the solutions to Eq. (9) are cyclic, and are thus illustrated
in Fig. 6 as shaded areas that denote the minimum and maximum value of the oscillations. The
solutions to Eq. (9) using at are nearly identical to those found using at and the same general
conclusions hold.

6 Discussion

The model clearly demonstrates the following conclusions:
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Figure 6: Equilibrium proportion of infected plants, ϕ∗. Case B (strictly vertical transmission, h =
0) is depicted in: (a), (d), and (g). Case C (horizontal and vertical transmission, h > 0) is depicted
in: (b), (c), (e), (f ), (h), and (i). CaseD (temporally varying (dis)advantages) is depicted in all panels;
these results are represented by the purple (ℓ = 0.05) and yellow (ℓ = 0.10) shading. The shading
represents the maximum and minimum values between which ϕ∗ fluctuates at equilirbium (see also
Fig. 5). See Eq. (6) for definitions of α1 and α4 and these are illustrated in Fig. 3i.

1. For endophytes that are strictly horizontally transmitted, the endophytes may be parasites
(i.e., in this case, 1 < c) and still persist in the population (Fig. 4). Persistence does not
require the endophyte to be a parasite (i.e., solutions in the left hand side of the graphs
where c < 1), but a sufficiently high horizontal transmission rate (h) allows the endophyte
to persist while still being a parasite (1 < c); see Eq. (12). In this situation it makes sense
to talk about a ‘mutualism–parasitism continuum.’

2. For endophytes that are strictly vertically transmitted, endophyte persistence requires that
c < a. In other words, the advantages of endophyte infection must outweigh the dis-
advantages of the infection. Put differently, persistence requires that the endophyte be
a mutualist. Even if we can measure disadvantages of the infection the net effect of the
endophyte must be an advantage to achieve persistence (cf. the grey shaded regions of
Fig. 6a, 6d and 6g). And this conclusion still holds when we allow temporal variability in
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the magnitudes of the advantages and disadvantages, to include periods when there are
only disadvantages (a < 1 and 1 < c; see Fig. 6).

3. For endophytes that are both horizontally and vertically transmitted, we reach similar con-
clusions to those in the strictly horizontal transmission case. Sufficiently large horizontal
transmission rates allow the endophyte to persist in the population while being a parasite,
although there is no requirement for them to be so (see Fig. 6).

Bear these conclusions in mind as we provide the answers to the questions we asked Sec-
tion 2.3.1 about Fig. 3 in the next subsection.

6.1 Inferences from ‘experimental’ results

“Thus the attitude of never believing an experiment until it’s confirmed by theory has
as much to be said for it as that which never believes a theory before it is confirmed by
experiment.” –Aris (1994, 127)

We think that the confusion surrounding the ‘mutualism–parasitism continuum’ is illustrated
in the questions we asked earlier about Fig. 3. Here we return to those questions and provide
responses. For the purposes of this discussion, imagine that the (dis)advantages shown in Fig. 3
are observations from actual plants and endophytes. Here we explore the inferences that can be
drawn from such ‘observations.’ It is important to note that Fig. 3 does not specify the mode of
transmission of the endophyte, but knowing the mode is critical to the inferences we can draw
from such ‘results.’ The ‘data’ must be interpreted in light of the theoretical considerations. The
two jointly determine the appropriate inferences.

6.1.1 Question 1: Is it a parasite?

Consider the endophyte described by Fig. 3a→d, there are clearly time periods during which
this endophyte is a disadvantage in terms of both the host plant’s birth and death rates (Fig. 3b
and 3d). Question 1: Is it appropriate to refer to this endophyte as a ‘parasite’ during these periods?

If the endophyte in question were strictly horizontally transmitted, then it would be a rea-
sonable inference that this relationship is a parasitism. Why? Because: (i) from Fig. 4 and
Eq. (12) we know that coexistence does not depend upon at, only on c, because there is no
vertical transmission and hence all new plants are uninfected; and (ii) we know from Fig. 3a→d
that the endophyte is always a disadvantage to the plant’s death rate (1 < c). Therefore, short-
term observations of the disadvantages, coupled with theory, suggests that inferring parasitism
is reasonable.6

If the endophyte in question were strictly vertically transmitted, then an inference of para-
sitism would not be warranted. Why? Because: (i) the inference would be based on a relatively
short (compared to the lifespan of the plant) period of time; and (ii) such an inference flies in the
face of a good deal of contradictory experimental evidence about strictly vertically transmitted
endophytes; and (iii) solid evolutionary theory suggests the relationship cannot be a parasitism
(as we have demonstrated here, and others have demonstrated elsewhere; see Section 6.3).

6. Note that strict horizontal transmission does not require the endophyte to be a parasite, but in this case it is,
by definition (i.e., 1 < c always and at is irrelevant).
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Finally, if the endophyte in question were transmitted horizontally and vertically, it would
be difficult to make any inference. Why? Because: (i) theory tells us that both parasitism and
mutualism are plausible outcomes of this interaction (Fig. 6), and (ii) the evidence provided
by the ‘observations’ in Fig. 3b or 3d are not sufficient by themselves to settle the question.
We would need to know the net effects of the advantages minus the disadvantages intergrated
over a long period of time. Here, it might be appropriate to employ the mutualism–parasitism
continuum concept as a descriptor.

6.1.2 Question 2: Is it a mutualist?

Now consider the endophyte described in Fig. 3e→h. There are times (Fig. 3e and 3g) in which
this endophyte is an advantage in terms of both host’s birth and death rates. Question 2: Is it
appropriate to refer to this endophyte as a ‘mutualist’ during these periods?

For a strictly horizontally transmitted endophyte, we could reasonably infer that this relation-
ship is a mutualism. Why? Because: (i) theory tells us that the fluctuations in the host’s birth
rate (dis)advantage are irrelevant since all offspring produced are initially endophyte-free (i.e.,
no vertical transmission), and (ii) we know from Fig. 3e→h that this endophyte always produces
an advantage in terms of the host’s death rate.

For a strictly vertically transmitted endophyte, it would also be reasonable to infer that the
endophyte is a mutualist. Why? Because: (i) we observe benefit in terms of both the host’s
birth and death rates, and (ii) theory tells us that strictly vertically transmitted endophytes must
be mutualists to persist.

If the endophyte in question were transmitted horizontally and vertically, it would again be
difficult to make any inference. Why? Because: (i) theory tells us that both parasitism and
mutualism are plausible outcomes of this interaction, and (ii) the evidence provided by the
‘observations’ during these periods (Fig. 3e or 3g) are not sufficient by themselves to settle the
question. Here again, it might be appropriate to employ the continuum concept as a label.

6.1.3 Question 3: How should we interpret mixed (dis)advantages?

For the endophyte in Fig. 3a→d there are also periods of time during which it is a disadvantage
in terms of the host’s death rate, but it is an advantage in terms of the host’s birth rate (Fig. 3a
and 3c). And conversely, for the endophyte depicted in Fig. 3e→h there are times when this
endophyte confers a disadvantage in terms of the host’s birth rate but an advantage in terms of
the host’s death rate (Fig. 3f and 3h). Question 3: How should we describe the relationship during
these periods of mixed advantages and disadvantages?

If the endophyte in question were strictly horizontally transmitted, it would again be reason-
able to infer that the relationship is a parasitism (Fig. 3a and 3c) or mutualism (Fig. 3f and 3h).
Why? Again, because: (i) at is not a relevant consideration in the case of a strictly horizontally
transmitted endophyte, and (ii) we know that the endophyte is always a disadvantage (1 < c) in
Fig. 3a→d and is always an advantage in Fig. 3e→h, and (iii) theory tells us that both parasitism
and mutualism are plausible outcomes of this interaction.

If the endophyte in question were strictly vertically transmitted, we might reasonably infer
that the relationship is a mutualism in both cases. Why? Because: (i) integrated over the time
period represented by the red shading the advantages in terms of the host’s birth rate seem
to outweigh the disadvantages in terms of the host’s death rate (by visual inspection), and (ii)
theory tells us that this relationship must be a mutualism if it is to persist.
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Finally, if the endophyte in question were transmitted horizontally and vertically it again
would be difficult to make any inference. Why? Because: (i) theory tells us that both para-
sitism and mutualism are plausible outcomes of this interaction, and (ii) the evidence provided
by the ‘observations’ during the red shaded periods is again, not sufficient by itself to settle the
question. And again, it might be appropriate to employ the continuum concept as label.

6.1.4 Question 4: How should we describe these interactions?

Finally, putting it all together, Question 4: How should we describe these endophytes without regard
to a specific time frame?

In the case of a strictly horizontally transmitted endophyte, in these cases, we could reasonably
infer that it is a parasite in Fig. 3a→d, and a mutualist in Fig. 3e→h. Why? Because again: (i)
at is not a relevant consideration, and (ii) the endophyte always confers a disadvantage in the
first instance and an advantage in the second. However, these particular conclusions rely on
the artefact that we kept c as a constant. More generally, if c = ct was temporally varying, it
would be difficult for us to make any inference. This is because theory tells us that mutualism or
parasitism are plausible outcomes, and we would need to know the net effect of the temporally
varying death rate (dis)advantages over a long period of time. Again, it might be useful to
employ the continuum concept to label this interaction, absent further convincing evidence
placing the interaction at one end of the continuum or the other.

In the case of a strictly vertically transmitted endophyte, we would likely infer that the re-
lationship is a mutualism for both endophytes Fig. 3a→d and Fig. 3e→h. Notwithstanding
the evidence of an intermittent net disadvantage of the endophyte in Fig. 3a→d, theory tells
us that the long-term net impact of the endophyte must be positive for the interaction to per-
sist in a particular location. Describing the interaction shown in Fig. 3a→d as anything other
than a mutualism would be unwarranted. Nevertheless, observing such periods of intermittent
net disadvantage of an endophyte that is strictly vertically transmitted would certainly prompt
follow-up studies and the search for alternative explanations (e.g., perhaps the endophyte is not
strictly vertically transmitted?).

Finally, in the case of an endophyte possessing both vertical and horizontal transmission, in
either case (Fig. 3a→d or Fig. 3e→h) it would be reasonable to infer that these endophytes sit
somewhere along a mutualism–parasitism continuum, and that where on that continuum it sits
depends on the long-term advantages minus the disadvantages. This is a reasonable inference
because (i) theory tells us that both mutualism and parasitism are plausible outcomes, and (ii)
the observations for both endophytes show that over time there is a mixture of advantages and
disadvantages.

6.2 Model limitations and useful future extensions

All models are simplifications or abstractions. We think our abstraction captures the most im-
portant general mechanisms and therefore offers a reasonable approximation to the biological
system it is meant to represent. Others might quibble with this assertion. Certainly there are
important aspects of the biology that are not incorporated in our model. For example, there
is no representation of the seed-bank dynamics. The model lacks a stage or age structure. The
model also has not been explicitly parameterized for any specific host–endophyte pair, nor for
any specific geographical location. By keeping the model non-specific in these ways, we think
it demonstrates some useful generalizations. Whether adding any of these biological realisms
affects the general conclusions remains to be seen, but our intuition is that the general require-
ments for coexistence will hold, at least in a qualitative way.
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One well-known mechanism by which these endophytes may confer an advantage to the
host plant is through increased drought tolerance (White et al. 1992). A drought gradient has
long been hypothesized to account for the distribution of endophyte-infected perennial ryegrass
(Lolium perenne) in Europe (Lewis et al. 1997). We will explore this mechanism in future work.

Another useful extension, not previously considered in any rigorous way, would be to explore
the role of environmental stochasticity on coexistence. There are plenty of examples in the
literature in which stochastic models lead to different, sometimes deeper, understandings than
the corresponding deterministic model (see, e.g., Newman 1991; Black and Mckane 2012).

6.3 Comparisons with previous modeling work

Ecologist Richard Levins (1966) famously stated:

However, even the most flexible models have artificial assumptions. There is always
room for doubt as to whether a result depends on the essentials of a model or on
the details of the simplifying assumptions ….
Therefore, we attempt to treat the same problem with several alternative models
each with different simplifications but with a common biological assumption. Then,
if these models, despite their different assumptions, lead to similar results we have
what we can call a robust theorem which is relatively free of independent lies. (423)
…
Unlike the theory, models are restricted by technical considerations to a few com-
ponents at a time, even in systems which are complex. Thus a satisfactory theory
is usually a cluster of models. These models are related to each other in several
ways: as coordinate alternative models for the same set of phenomena, they jointly
produce robust theorems; as complementary models they can cope with different
aspects of the same problem and give complementary as well as overlapping results;
as hierarchically arranged “nested” models, each provides an interpretation of the
sufficient parameters of the next higher level where they are taken as given. (431)

In this subsection, we review previousmodelling attempts for theEpichloë–grass interaction, and
compare and contrast our model to the previous work. We conclude that, taken together, this
set of models produces a robust theorem about this system: that strictly vertically transmitted
Epichloë endophytes must be mutualists.

Clay (1993) developed a very simple fitness-based model, without endophyte loss, to show
that for strictly vertically transmitted fungal endophytes with perfect transmission efficiency,
any net fitness reduction caused by the endophyte results in the loss of endophyte-infected in-
dividuals from the population, echoing earlier work (Ewald 1987; Fine 1975). Clay used this
model to show that the equilibrium proportion of infected individuals in the pasture is either
0 or 1, and the only means of obtaining a mixed solution was for the benefit of the endophyte
to exactly balance the costs, a condition Clay thinks is unlikely to occur. These results are con-
firmed again by our work, sensu Eqs. (13) to (15). The addition that our work contributes here
is that by placing our model in a population dynamics framework, we are able to demonstrate
how, for this very restricted case (a = c) it is possible to get other proportions in the mixture
apart from the 1⁄2 that Clay finds. We show that the particular mixed result achieved depends
on the host plants’ birth and death rates (Eq. (15)).
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Ravel, Michalakis, and Charmet (1997) develop a discrete time, stage structured population
dynamics model. They divide the endophyte effects on the host plant into effects on birth rate,
death rate, and competitive ability. They do not examine cases where the endophyte might
be a disadvantage to the host plant in terms of birth and death rates, as we do, although they
do briefly admit the possibility that the endophyte might leave the host plant at a competitive
disadvantage. The result of this possibility, however, is never explored in their results. In our
model, we do not represent competition as distinct from the birth and death rate (dis)advantages.
In our model, the competitive advantage of the endophyte, if there is one, arises from how it
affects the host plants’ birth and death rates. Finally, Ravel et al. consider a stochastic version of
their model where the birth rates, death rates, and competitive advantages are sampled each year
from a normal distribution but they provide no details on the mean or variance of these normal
distributions, nor do they explore how the mean and variance interact to affect the results. They
merely conclude that stochastic effects are only important in small populations, something that
has long been known in population ecology. Mostly, Ravel et al. use their model to explore
the trade-off between the endophyte loss rate (their µ, conceptually equivalent to our ℓ) and
the birth and death rate advantages of the endophyte. In this paper we are primarily interested
in how birth and death rate advantages and disadvantages can trade-off against each other to
influence the equilibrium infection rate. For us, 0 < ℓ is simply a necessary condition to obtain
stable mixtures of infected and uninfected plants.

Gundel et al. (2008) modeled a closed annual grass population using a stage-structured,
density-independent, periodic, non-stochastic matrix model. We used a non-stage-structured,
density-dependent model of a perennial grass population. Like Gundel et al., we provided
an example of an environment of deterministic seasonality (see Fig. 3). Also like Gundel et
al., we assumed that the grass’ vital rates (b and d) and transmission efficiency (1 − ℓ) were
constant through time. Gundel et al. used their model to examine how the endophyte loss rate
interacts with the ratio of reproductive rates of the infected and uninfected plants to determine
the equilibrium infection frequency. Echoing the earlier work, they conclude that:

This condition implies that, in a closed population, the endophyte can only persist
in the long term if the infection results in some increase in the host plant fitness ….
However, such an increase could be very small …. (900)

Making different assumptions, and structuring our model differently, we find the same result,
the combined benefits have to outweigh the costs (i.e., there has to be an increase in the host
plant’s net fitness). However, we show that just because one measures a cost in terms of birth
or death rates, this does not imply that the endophyte can persist in a population as a parasite.
Furthermore, Gundel et al. (2008, 902) make the important point that this net fitness benefit
of the endophyte can be so small that it would be difficult to measure under field conditions,
yet this small difference could result in high infection frequencies in pastures. We find that this
conclusion is true, but only for perfect transmission (i.e., ℓ = 0). Once the endophyte loss rate
is positive, small net positive effects of the endophyte on the host lead to coexistence, but at a
relatively low frequency of infection in the pasture.

Gundel et al. (2008, 897–8) observed that “relatively high infection frequencies have been
observed in natural grass populations exhibiting little or no evidence that the fungus confers a
reproductive advantage to its host (Saikkonen et al. 1998; Faeth and Hamilton 2006).” Our
model provides two possible explanations for this phenomenon. First, such a solution can oc-
cur when the endophyte provides a survivorship advantage instead of a reproductive advantage.
Second, if costs and benefits of endophyte infection vary within and between years, it would be
possible for the pasture to still maintain a high infection rate even if in some seasons, or across
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some years, the endophyte provides no benefit, or even a short-term net cost. Notice in Fig. 6
there are examples where a < 1, i.e., the endophyte is a disadvantage to the host in terms of
reproduction, and yet the endophyte still persists in the population, even possibly at relatively
high proportions of the pasture depending on the death rate (dis)advantage (c).

Finally, Saikkonen, Ion, and Gyllenberg (2002) use meta-population dynamics to under-
stand how the endophyte can be a parasite in some places and still persist on the landscape.
They find that this is indeed possible so long as the seed dispersal rates are high enough, and
there exist sufficient ‘empty’ patches into which the parasite-infected host plant can disperse. As
we stated in the introduction, we do not find the meta-population dynamics explanation con-
vincing. While long-distance dispersal of grass seeds is possible, aided by animals for instance,
the vast majority of seed dispersal in these grasses is quite local. To us it seems unlikely that such
restricted dispersal would be sufficient to drive the meta-population explanation. Nevertheless,
our model cannot be directly compared to this model as we consider closed populations and
ignore immigration and emigration.

7 The Continuum Reconsidered

Most (if not all) symbioses impart a cost on the host, even when the symbiosis is a mutual-
ism, and those costs may be larger or smaller depending on the environment in which they are
measured. Nevertheless, costs are not the same thing as parasitism. Suppose that the only ad-
vantage conferred by an endophyte was the production of alkaloids that deter insect-herbivores.
The host plant pays a cost in terms of photosynthate to support the endophyte’s metabolism,
as well as a nitrogen cost for the production of the alkaloids. In such a case, the benefit of
the endophyte would only be realized when there are insect-herbivores present. There will be
days when there are insects present and the endophyte’s benefits are greater than its costs, and
days when insects are absent and the endophyte’s costs are greater than its benefits.7 What are
we to conclude about the underlying nature of this grass–endophyte relationship? Some would
say that this symbiosis falls on a ‘mutualism–parasitism continuum.’ Used in this way, the con-
tinuum concept only means that net benefits fluctuate through time, and we argue that this is
misleading and obscures the true nature of the interaction.

Now, imagine this same symbiosis, but studied in two different environments, one in which
insect-herbivore pressure is very high, and one in which that pressure is very low. It might
make sense to say this symbiosis is on the mutualism–parasitism continuum, at the mutualism
end in the former environment and at the parasitism end in the latter environment. However,
we have argued in this paper, and demonstrated with our model, that it makes sense to speak
about a mutualism–parasitism continuum of interspecific interactions between epichoid fun-
gal species and their host grass species when either: (a) we are talking about the genus as a
whole, or (b) we are talking about individual Epichloë species that have the ability to transmit
themselves horizontally. It does not make sense to describe Epichloë species that are strictly ver-
tically transmitted as anything other than mutualists. There may well be times when researchers
are able to measure costs to the host plant of this interaction. Nevertheless, over time, those
costs must be outweighed by the benefits for the fungus to persist in any population. In our
hypothetical example, if the endophyte were strictly vertically transmitted, and if there was an
environment that consistently had very low insect-herbivore populations, such that the net ef-
fect of the benefits−costs (advantages−disadvantages as we have used throughout this paper) of

7. This argument is the same for any time span. It applies to weeks, months, seasons, even years. Our use of
‘days’ is a sort of reductio ad absurdum. It makes little sense to say the symbiosis is a parasitism on Tuesday but a
mutualism on Wednesday.
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the endophyte are always negative, then that endophyte would not persist in that environment.
Some might argue that in such an environment the endophyte is indeed a parasite. We argue
that such a classification is both wrong and misleading. At best, one might plausibly claim that
in such a situation the endophyte is in an unstable, transient, or failed parasitism.

Appendix A Systematic Literature Survey of Positions

We conducted a systematic review of the literature to examine the frequency and time trajectory
of positions held by authors toward the ‘parasitism–mutualism continuum.’ On 5 November
2019, we executed the following search in Web of Science: (Epichloë OR Neotyphodium)
AND (Parasit* OR Mutuali*). This search yielded 399 papers published between 1991 and
2019.8 We eliminated papers that were about the mutualism between pollinating flies and
the sexually reproducing Epichloë species, or that mention the fungus only superficially (e.g.,
only in the reference section). We also excluded papers that were not readily available. The
remaining 323 papers were examined by searching the text for ‘parsiti’ and ‘mutuali’ and reading
what these authors said specifically about the nature of the plant–fungal interaction. Note that
some authors used ‘antagonism’ or ‘pathogenic’ (and their derivatives) to describe a ‘parasitic’
relationship. We searched these terms too.

We classified each paper as taking one of five possible positions: (1) ‘parasitic/parasitism’, (2)
‘mutualistic/mutualism’, (3) ‘unclear or a continuum’, (4) ‘admits the possibility’ of parasitism,
or (5) ‘not stated’ (i.e., makes no statements about mutualism or parasitism). Number 1 was an
extremely rare position (5 of 326 papers) and we suspect that the authors were using the word
‘parasitism’ differently than others in this field. To be classified as ‘mutualism’ the authors must
have made statements that either the relation is a mutualism, or that it is believed to be, thought
to be, etc. a mutualism. To be classified as ‘unclear or a continuum’ we looked for statements
such as:

Symbioses between cool-season grasses (Poaceae subfamily Pooideae) and fungi
of genus Epichloë (including their asexual derivatives in the genus Neotyphodium)
are very widespread and occur in a broad taxonomic range of this important grass
subfamily. These symbioses span the continuum from mutualistic to antagonistic
interactions. (Schardl et al. 2008, 483)

The above quote clearly refers to the genus Epichloë as a whole, and is therefore a correct usage
of the continuum concept (i.e., it is certainly correct that various species sit at different loca-
tions along the continuum). Here is an example of the implied use of the continuum concept
when clearly speaking only of the strictly vertically transmitted species; we suggest this is an
inappropriate characterization of the nature of the interaction:

The negative effect of asexual endophytes on their hosts may evolve because the
reward for the partners and the ability to control the interaction is asymmetrical
(Saikkonen et al. 2004). The fitness of the fungus depends strongly on the fitness
of the plant (Clay and Schardl 2002), but the plant does not always benefit from the
presence of the fungus (Faeth and Sullivan 2003). This, together with the fact that
the host–endophyte interaction seems to be controlled by the host (Christensen,

8. Note that prior to 1991, the asexual Epichloë species were classified as Acremonium species. We chose not to
survey the older literature because it pre-dates Faeth et al.’s claims of parasitism by strictly vertically transmitted
fungal endophytes.
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Bennett, and Schmid 2002), makes it likely that the outcome of the interaction
is antagonistic rather than mutualistic. A supposedly mutualistic host–endophyte
interaction may appear parasitic after detailed investigation. Here, we show that
an apparently beneficial asexual endophyte may have a negative effect on the repro-
duction of its host. (Olejniczak and Lembicz 2007, 486)

A paper was classified as ‘admitting the possibility’ if it referred to the idea that the interaction
might be parasitic without appearing to endorse that position. This category might be viewed
as a weaker version of the ‘unclear or continuum’ category. Finally, ‘not stated’ was used when
the authors did not discuss the nature of the endophyte–plant interaction.

Fig. A.1 shows the accumulation of papers taking each of the above positions. As of 2019,
of the 286 papers that take a position, 70% state that the relationship is a mutualism, and 30%
take the position that the relationship is ‘unclear,’ a ‘continuum,’ or at least it is possible the
relation is not a mutualism.

These numbers are confounded with the relative publishing frequency for authors taking
the various positions. However, it is not uncommon to see the same authors’ positions shift-
ing through time, including us (mutualism: Newman et al. 2003; Ryan et al. 2014; Shukla et
al. 2015; Bastías et al. 2018), (unclear/continuum/admits possibility: Hunt and Newman 2005;
Rasmussen et al. 2007; Antunes et al. 2008).
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FigureA.1: Thecumulative number of research papers published onEpichloid species, cross classified
by the transmission mode(s) of the subject species (according to Leuchtmann et al. 2014), and how
the authors describe the relationship between the Epichloid species and the host grass plant. (a)
denotes the cumulative number of papers that have as their subject matter an Epichloë species that is
either strictly horizontally transmitted (HT) or has both horizontal and vertical transmission (HT
+ VT); (b) denotes the same information where the focal species is strictly vertically transmitted
(VT). Note that in (a) it is inappropriate to refer to these interactions as mutualisms (they could be,
but equally they could be parasites), while in (b) it is inappropriate to refer to these interactions as
anything other than a mutualism.
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Appendix B Linear Stability of Fixed Point Solutions

Subsection B.1 General state equations

gi(x, y) =
dx
dt ,

gj(x, y) =
dy
dt .

(19)

Note that the general equations are equations (6a) and (6b) in the main text, and Cases A and
B can be retrieved by simply setting ℓ = 1 or h = 0 respectively.

Subsection B.2 Linear stability of fixed point solutions

To evaluate the linear stability of the fixed point solutions, we substitute the fixed points into the
relevant Jacobian matrix and then calculate the Eigenvalues. If the real parts are both negative
then the fixed point is a stable equilibrium. The Jacobian is given by:

J =


∂gi(x, y)

∂x

∂gi(x, y)

∂y
∂gj(x, y)

∂x

∂gj(x, y)

∂y

 . (20)

To calculate the Eigenvalues we need:

J z⃗ = λz⃗,

(J − λI) z⃗ = 0⃗,
(21)

where I is a 2 × 2 identity matrix and z⃗ is a vector of length 2. The characteristic equation is
then given by:

det (J − λI) = 0

det
[
j11 − λ j12
j21 j22 − λ

]
= 0.

(22)

From here we can obtain the characteristic polynomial:

λ2 − (j11 + j22)λ+ (j11j22 − j12j21) = 0 (23)

Eq. (23) always has two roots. These roots can be real or complex, and they do not have to be
distinct. Employing the quadratic formula we can calculate the roots of Eq. (23) as:

−(j11 + j22)±
√
(j11 + j22)2 − 4(j11j22 − j12j21)

2
(24)

The fixed point solutions to the system of equations are stable if the real parts of the Eigen-
values are both negative.
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Subsection B.3 Case A. Strictly horizontal transmission, ℓ = 1

g1(x, y) = hxy − (x+ y)cdx

g2(x, y) = (1− x− y)(abx+ by)− hxy − (x+ y)dy.
(25)

Now calculate the Jacobian matrix. To do this we calculate the partial derivatives:

∂g1(x, y)

∂x
= hy − cd(2x+ y),

∂g1(x, y)

∂y
= x(h− cd),

∂g2(x, y)

∂x
= y

(
− (b+ d+ h)

)
− ab (2x+ y − 1) ,

∂g2(x, y)

∂y
= −b (ax+ x+ 2y − 1)− d (x+ 2y)− hx.

(26)

Which yields:

JA =

[
hy − cd(2x+ y) x(h− cd)

y
(
− (b+ d+ h)

)
− ab (2x+ y − 1) −b (ax+ x+ 2y − 1)− d (x+ 2y)− hx

]
. (27)

Next we calculate the Eigenvalues:

λA1 =
1

2

{
−
√

e− 4(f+ g) + a
}
,

λA2 =
1

2

{√
e− 4(f+ g) + a

}
,

(28)

where

a = −abx− bx− 2by + b− 2cdx− cdy − dx− 2dy

− hx+ hy

e = (abx+ bx+ 2by − b+ 2cdx+ cdy + dx+ 2dy

+ hx− hy)2,

f = abcdx+ 2abhx2 − abhx+ 2bcdx2 + 4bcdxy

− 2bcdx+ 2bcdy2,

g = −bcdy − 2bhy2 + bhy + 2cd2x2 + 4cd2xy + 2cd2y2

+ 2cdhx2 − 2dhy2.

Using the solutions depicted in Fig. 4, it can be easily shown numerically that for these fixed
point solutions the real parts of the two Eigenvalues are both negative, and therefore these
solutions are stable.

Subsection B.4 Case B. Strictly vertically transmitted, h = 0

g3(x, y) = (1− ℓ)(1− x− y)abx− (x+ y)cdx,

g4(x, y) = ℓ(1− x− y)abx+ (1− x− y)by − (x+ y)dy.
(29)
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The partial derivatives are then:
∂g3(x, y)

∂x
= ab(ℓ− 1)(2x+ y − 1)− cd(2x+ y),

∂g3(x, y)

∂y
= x

(
ab(ℓ− 1)− cd

)
,

∂g4(x, y)

∂x
= −b

(
aℓ(2x− 1) + aℓy + y

)
− dy,

∂g4(x, y)

∂y
= −b(aℓx+ x+ 2y − 1)− d(x+ 2y).

(30)

Which yields:

JB =

[
ab(ℓ− 1)(2x+ y − 1)− cd(2x+ y) x

(
ab(ℓ− 1)− cd

)
−b

(
aℓ(2x− 1) + aℓy + y

)
− d −b(aℓx+ x+ 2y − 1)− d(x+ 2y)

]
. (31)

The Eigenvalues are then:

λB1 =
1

2

{
−
√

h− 4(i+ j) + k
}
,

λB2 =
1

2

{√
h− 4(i+ j) + k

}
,

(32)

where
h = (abℓ− abℓx+ 2abx− abℓy + aby − ab+ bx+ 2by − b+ 2cdx

+ cdy + dx+ 2dy)2,

i = −ab2ℓ− 2ab2ℓx2 + 2ab2x2 + 3ab2ℓx− 4ab2ℓxy + 4ab2xy

− 3ab2x− 2ab2ℓy2 + 2ab2y2 + 3ab2ℓy − 3ab2y

+ ab2 + abcdℓx,

j = −2abdℓx2 + 2abdx2 + abdℓx− 4abdℓxy + 4abdxy − abdx

− 2abdℓy2 + 2abdy2 + 2abdℓy − 2abdy + 2bcdx2

+ 4bcdxy − 2bcdx+ 2bcdy2 − bcdy + 2cd2x2 + 4cd2xy

+ 2cd2y2,

k = −abℓ+ abℓx− 2abx+ abℓy − aby + ab− bx− 2by + b

− 2cdx− cdy − dx− 2dy.

(33)

Subsection B.5 Case C. Both horizontally and vertically transmitted, 0 < ℓ < 1 and 0 < h

g5(x, y) = (1− ℓ)(1− x− y)abx+ hxy − (x+ y)cdx

g6(x, y) = ℓ(1− x− y)(abx+ by)− hxy − (x+ y)dy.
(34)

The partial derivatives are then:
∂g5(x, y)

∂x
= ab(ℓ− 1)(2x+ y − 1)− cd(2x+ y) + hy,

∂g5(x, y)

∂y
= x

(
ab(ℓ− 1)− cd+ h

)
,

∂g6(x, y)

∂x
= ab(ℓ− 1)(2x+ y − 1)− y(b+ d+ h),

∂g6(x, y)

∂y
= bx

(
a(ℓ− 1)− 1

)
− 2by + b− d(x+ 2y)− hx.

(35)

 OPEN ACCESS - PTPBIO.ORG

http://ptpbio.org


NEWMAN, GILLIS, AND HAGER: COSTS, BENEFITS, PARASITES AND MUTUALISTS 34

Which yields:

JC =

[
ab(ℓ− 1)(2x+ y − 1)− cd(2x+ y) + hy x

(
ab(ℓ− 1)− cd+ h

)
ab(ℓ− 1)(2x+ y − 1)− y(b+ d+ h) bx

(
a(ℓ− 1)− 1

)
− 2by + b− d(x+ 2y)− hx

]
(36)

The Eigenvalues are then:

λC1 =
1

2

{
−
√

l− 4(m+ n+ o+ p) + q
}
,

λC2 =
1

2

{√
l− 4(m+ n+ o+ p) + q

}
,

(37)

where

l = (abℓ− 3abℓx+ 3abx− abℓy + aby − ab+ bx+ 2by − b

+ 2cdx+ cdy + dx+ 2dy + hx− hy)2,

m = −ab2ℓ− 2ab2ℓx2 + 2ab2x2 + 3ab2ℓx− 4ab2ℓxy + 4ab2xy

− 3ab2x− 2ab2ℓy2 + 2ab2y2,

n = +3ab2ℓy − 3ab2y + ab2 − abcdℓx+ abcdx− 2abdℓx2

+ 2abdx2 + abdℓx− 4abdℓxy + 4abdxy,

o = −abdx− 2abdℓy2 + 2abdy2 + 2abdℓy − 2abdy − 4abhℓx2

+ 4abhx2 + 2abhℓx− 2abhx+ 2bcdx2,

p = +4bcdxy − 2bcdx+ 2bcdy2 − bcdy − 2bhy2 + bhy

+ 2cd2x2 + 4cd2xy + 2cd2y2 + 2cdhx2 − 2dhy2,

q = −abℓ+ 3abℓx− 3abx+ abℓy − aby + ab− bx− 2by

+ b− 2cdx− cdy − dx− 2dy − hx+ hy.

(38)

Since we solved Eq. (9) numerically for Case C, we evaluated the stability of these solutions by
substituting the numerical solutions into Eq. (37) and checking the signs of the real parts of the
Eigenvalues. All feasible solutions were stable.
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Appendix C Solution B.ii.2 Conditions

In this appendix, we show that the conditions on the coexistence solution (Eq. (15)) never
constrained this solution, given biologically feasible parameter values. Equation 17 requires
that:

(c1) : c(b+ d) ̸= 0. (39)

Since 0 < c, 0 < b, and 0 < d, c(b+ d) can never equal 0; so this condition is always met.
Equation 17 also requires that:

(c2) : bd(a(c− 1)ℓ+ a− c)(ab(ℓ− 1)− cd) ̸= 0. (40)

It can be shown that (c2) is met if the following are true:

(c2.i) : bd ̸= 0, (41)

(c2.ii) : c ̸= ab(ℓ− 1)

d
, (42)

(c2.iii) : c ̸= aℓ− a

aℓ− 1
. (43)

Since 0 < b and 0 < d, (c2.i) is always true. Since ℓ < 1, condition (c2.ii) would require c < 0
for it to equal the right hand side of the equation and so, since biologically 0 < c, (c2.ii) is
always true. Condition (c2.iii) can be false in two further sets of conditions:

(c2.iii.a) : a = c = 1, ℓ < 1, or (44a)

(c2.iii.b) : ac ̸= a, ℓ =
a− c

a(1− c)
. (44b)

Condition (c2.iii.a) denotes the biologically unlikely case in which the endophyte imposes no
advantages or disadvantages at all. This case is unlikely since stochastic processes (akin to genetic
drift in a population genetics model) would ensure that, eventually, the endophyte would be lost
from the system. Next, we will show that the conditions that support a coexistence solution are
such that (c2.iii.b) never constrains the solution space, and hence for coexistence, the solution
to Eq. (17) can be true subject to the constraints 0 < ℓ < (a− c)/a and c < a .

Using the Eq. (1) for ϕ∗, a coexistence solution requires that:

0 < ϕ∗ =
−ab(ℓ− 1)(a(ℓ− 1) + c)

−ab(ℓ− 1)(a(ℓ− 1) + c) + a2bc(ℓ− 1)ℓ
< 1. (45)

Equation 45 can be simplified to:

0 < ϕ∗ = − aℓ− a+ c

acℓ− aℓ+ a− c
< 1. (46)

Equation 46 is true iff both of the following conditions hold:

0 < c < a, 0 < ℓ <
a− c

a
. (47)
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